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Fig.5 Time evolution of the y-section of a 3D gap-Townes soliton obtained for ¢ = 2 with slightly
underecritical (left panel) and overcritical (right panel) number of atoms, corresponding to points a
and b in Fig 4, respectively

Fig. 6 Oscillations of the gap-Townes soliton when it collapses into the final gap state, according
to Eq. (1) with initial state taken as the product solution constructed from two quintic NLS with a
total norm increased by 1%. Shown is the y = 0 cross section of the 2D profile

the previous 2D case, since in the 3D case this ansatz appears to be less accurate.
The signature of the gap-Townes soliton state, however, is very clear as one can see
from the early stages of the time evolution depicted in Fig. 5 (notice from the left
panel that the undercritical state remains stable up to a time ¢ = 20 before starting
to decay). This behavior strongly suggests the existence of gap-Townes solitons also
in the 3D case.

We now address to another important property of the gap-Townes soliton which
shows up in the transition to a gap soliton state for overcritical number of atoms. As
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it was already mentioned, even a slightly overcritical norm gives rise to a rapid
shrinking of the gap-Townes soliton. Although at initial stage of evolution this
behavior is similar to the collapse of ordinary Townes soliton, the final state is
different. Specifically, gap-Townes soliton approaches the (final) gap state via long-
lasting oscillations, as shown in Fig. 6. Each “reflection” from the broad state is
accompanied by emission of linear waves, which can be viewed as a tunneling of
matter from the localized mode into the extended one. This process also contributes
to the damping of the oscillations. We remark that these oscillations, having a very
regular behavior, could be used to detect the existence of gap-Town solitons in a real
experiment.

5 Conclusions

In this paper we have shown the existence of gap-Townes solitons in the multi-
dimensional (2D and 3D) Gross—Pitaevskii equation with a periodic potential and
discussed its link with the phenomenon of delocalizing transition. These solutions
have the peculiarity of being unstable under small fluctuations of the number of
atoms and separate localized (soliton like) states from extended (Bloch like) ones.
The existence curve in the parameter space of this particular solution is very useful
since it provides the lower threshold for the existence of localized states. The gap-
Townes solitons discussed in this paper are a natural generalization of the Townes
solitons of the nonlinear Schrédinger equation (without periodic potential). The
existence of Townes solitons in a nonlinear glass sample modelled by the NLS equa-
tion was experimentally demonstrated in Ref. [21]. The fact that the transition from
a gap-Townes soliton to a gap soliton is always accompanied by regular oscillations
gives the possibility to indirectly observe the multidimensional gap-Townes solitons
discussed in this paper in real experiments. In particular we expect these solitons to
be observed both in multidimensional BECs in OL and in nonlinear optics systems,
including 2D and 3D photonic crystals and arrays of nonlinear optical waveguides.
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