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1 The dynamics of gap solitons in random gratings is studied. We show that the influence of disorder is
12 averaged over the soliton width, so that the soliton acts as a low-pass filter. The averaging results in an
13 effective potential, which can trap solitons. The statistical properties of the potential are found. We show that
14 soliton trapping is related to level crossing by a random function, which allows us to find the mean number of
15 soliton reflections and the mean distance between consecutive reflections.
16 DOI: XXXX PACS number(s): 42.25.Dd, 42.65.Tg, 42.70.Qs
17
18  Linear waves in random media experience Anderson lo- gratings) is described by the nonlinear coupled-mode equa- 56

19 calization [1], which means that the intensity of a wave de-
20 creases exponentially with propagation distance. On the
21 other hand, it is known that nonlinear systems support the
22 propagation of stable pulses, solitons, which are quite robust
23 to external perturbations. The study of the interplay between
24 the nonlinearity and disorder is a problem of great current
25 interest [2-5].

26  Here we investigate the dynamics of gap solitons in one-
27 dimensional (1D) gratings, in which the periodic variation of
28 the refractive index is affected by fluctuations. Our motiva-
29 tion comes partly from recent gap-soliton experiments in the
30 slow-light regime [6], where it was noted that the solitons
31 travel not as slowly as expected from numerical simulations.
32 A possible explanation was the influence of the randomness
33 in the grating. Though our study does not confirm this, it
34 reveals many interesting features of the slow-light regime in
35 disordered gratings.

36  Our investigation also pertains to the analysis of the effect
37 of disorder on the dynamics of localized waves in waveguide
38 arrays. Recent studies of 1D [7,8] and 2D [9,10] arrays and
39 lattices reveal ballistic transport, diffusive propagation, and
40 localization, depending on the level of disorder. Another area
41 of application of our results is the dynamics of gap solitons
42 in Bose-Einstein condensates in optical lattices [11]. The
43 manifestation of Anderson localization of matter waves in
44 optical lattices was observed experimentally by several
45 groups [12-14].

46 We demonstrate that gap solitons average the fluctuations
47 of the random grating—i.e., that the fluctuations are inte-
48 grated over the soliton’s width. We provide clear evidence
49 that the soliton acts as a low-pass filter, which reduces the
50 high-wave-number components of the disorder. We also
51 show that the filtered disorder creates an effective potential,
52 so that the soliton can be trapped between the maxima of this
53 potential. This approach allows us to find analytical expres-
54 sions for the statistical properties of the soliton dynamics.
55  The propagation of light in 1D periodic media (Bragg
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where E-.(z,f) are the forward- and backward-propagating 59
field envelopes, respectively, V, is the group velocity in the 60
absence of the grating, «(z) is the coupling coefficient, I" is 61
the nonlinear coefficient, z is the spatial coordinate, and ¢ is 62
time. We consider amplitude modulations, taking «(z)=x, 63
+k,(z), where «; is the mean value (MV) of the coupling 64
coefficient and «;(z) is Gaussian white noise with the corre- 65
lation function R,(z;,z,)=b*&(z,—7,). For the parameters 66
here, fluctuations in the grating’s phase give similar results. 67

In the linear regime [I'=0 in Eq. (1)] and in the absence 68
of disorder, the dispersion relation has a band gap: propaga- 69
tion of linear waves with frequencies w inside the gap |w| 70
<kyV, is prohibited. However, a high-intensity wave in- 71
duces nonlinear effects, which enable the existence of local- 72
ized waves, or gap solitons [16] (see also Ref. [15] and ref- 73
erences therein), with o] <oV, 74

E.(z,1) =A. sech[y T i5,/2]e" %+, (2)

where A=+ \io/T[(1+0)/(3-0)]"2(1-v?)¥sin 5,
=Ky sin 8(z—vV,t), O,=yKycos d(vz—=V,t), y= 1/\1-v?,
and exp(i,u):[—(ezy+e""5s)/(e23’+ei5S)]2"/(3‘U2). The param-
eter &, (0< 5,< ) characterizes the soliton frequency inside
the band gap. The values 6,=0, 7/2, and 7 correspond to the
upper, middle, and lower edges of the band gap, respectively;
vV, is the soliton velocity. 82

Numerical simulation of Eq. (1) shows two basic types of 83
dynamics, depending on the disorder realization. In the first, 84
the soliton propagates with fluctuating parameters in one di- 85
rection, while the mean velocity slowly decreases due to ra- 86
diation of linear waves. In the other type of the dynamics, the 87
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FIG. 1. (a) Soliton trapping in a particular realization of the
disorder in numerical simulation of Eq. (1), with vy=0.1, §=0.5,
b*=1073, and xo=I'=V,=1. (b) k(z) and (c) U(z). Vertical dotted
lines in (b) and (c) indicate the reflection points.

88 soliton is trapped between two points in the grating; see Fig.

89 1(a). A naive explanation of the trapping is that the soliton is

90 reflected between two spikes of the random modulation

91 k,(z). However, a comparison of the soliton trajectory [see

92 Fig. 1(a)] and the corresponding realization of «,(z) [see Fig.

93 1(b)] shows that (i) the reflection points do not necessarily

94 coincide with peaks of «,(z) and (ii) that there are high-level

95 spikes of k,(z) between the reflection points. In fact, the

96 soliton is trapped between two maxima of an effective poten-

97 tial. In Fig. 1, as well as in the other numerical examples, we

98 take ko=I'=V,=1.

99  When the disorder is weak and the soliton velocity is
100 small (v>< 1), the dynamics is adiabatic. This means that the
101 soliton retains its shape and radiates some energy. Therefore,
102 one can use the effective particle approximation [17] to de-
103 scribe the soliton dynamics. Then, the variation of the field
104 momentum P=—if” (E;d.E.+E*d.E_)dz is described by

105 [17]
vy
e~ %),

107 where Re[-] denotes the real part. The product E(z,1)E_(z,1)
108 is a function of z—&(r), where £ is the soliton center, so we
109 can write

20,(2) L R[EN (2 E () ]dz = £, (3)
106 oz

1) =f Kk(2) (€ - 2)dz,
110 -

BlE—2)=— zvgaﬁZ Re[EX(2.0E_(,0)]. @)

111

112 Since the force f is a convolution of ¢ and the noise «;(z),
113 then f(k)= (k) ;1(k), where the tilde means the Fourier
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114
115
116
117

transform and k is the wave number. Therefore, we arrive at

the important conclusion that ¢(k) plays the role of a filter
that modifies the disorder spectrum. Using the gap soliton
solution (2), we find

sinh(279z)[2 + cos 8, cosh(27z) — cos &,)]
(cosh(27z) + cos &,]°

. (5)

$la)=4 118

119
120
121
122
123

where A= 8VgK(2) sin® 8,/[(3-v?)yI'] and %= yk,sin 5,
Generally, ¢(z) depends on v; however, for v><1, the cor-
rection is negligible, ~v?. Since soliton trapping is realized
when v?< 1, we ignore the dependence of ¢(z) on v, taking
v=0 in Eq. (5).

For low velocities, P=~mV, where m=4ky(7 sin 5, 124
-4, cos 8,)/(9I'V,) is the soliton “mass” [17] and V=0V, 125
=dé&/dr is its velocity. Then (3) is the equation of motion of 126
a classical particle subjected to the force f, or moving in the 127
potential U(&)=U(&)-[ g Uf(x)dx, where U(&,) is such that 128

the MV of U(§) is zero. The effective potential obtained 129
using ¢(z) from Eq. (5) for the realization of «;(z) in Fig. 130
1(b) is shown in Fig. 1(c). The potential peaks close to the 131
reflection points, indicating that it gives a good description 132
of the soliton dynamics. 133

Equation (3) conserves the soliton’s “mechanical” energy 134
E=mV?/2+U(&)=E,, where E, is the initial energy. This 135
guarantees that in the adiabatic limit, the soliton is always 136
trapped by the effective potential, since U can have, in prin- 137
ciple, peaks with values larger than E,. However, the lower 138
the disorder level, the longer the grating length for which the 139
soliton is definitely reflected back or trapped. To study this 140
quantitatively we need the statistical properties of the poten- 141
tial. 142

Applying Eq. (5), we obtain the statistical properties of 143
the force acting on the soliton and of the corresponding po- 144
tential. Since the convolution is a linear function, the corre- 145
lation function (CF) of the force is expressed via the auto- 146
correlation of ¢(z) (see [18], Sec. 10): 147

(6)

R{& - €)= sz D) P& — & +2)dz.
o0 148

For 6;<1, Ry reduces to 149

A%b*[1+ (1 = Z coth £)(1 + 3 cosech? {)]
sinh? ¢

>

(7)

where (= n(&—¢;). Since the CF of the force depends on
(&- &), the force is a stationary random process on & with a
Gaussian distribution and zero mean value.

The standard deviation (rf=R}/ 2(0) of the force can be
found explicitly from Egs. (5) and (7), but has a cumbersome
form. However, using approximation (7), we easily find

, A 64 VigS
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159 135 T
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150

151
152
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154
155
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161

Thus, given a grating, the ratio o,/b depends only on the
detuning &, when v><<1. The thick (thin) dashed curve in
Fig. 2 is the exact result from (6) [an approximation based on
Eq. (8)].
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FIG. 2. Parameters o (dashed curve) and o(8/ 7) (solid curve)
versus J;. The thick curves correspond to exact results, found from
Egs. (6) and (9), respectively. The thin curves are approximations,
found from Egs. (8) and (10), respectively. The inset shows o(£) at
8,=0.5.

162  The potential U, as an integral of the force, can be con-
163 sidered as a Wiener-Levy-type process. A standard Wiener-
164 Levy process is an integral of white noise [18], while f(z) is
165 colored noise with the CF given by Eq. (6). The CF
166 Ry(&,,&,) and standard deviation UU(§)=R32(§,§) of U can
167 be written as (see [18], Sec. 10)

168 Ry(&,6) =h(& - &) —h(& = &) +h(é - &),

13
o (&) =2h(E- &), h(®= f (€-0)Rx)dx. (9
169 0

170 Therefore, the potential U is a nonstationary random process
171 with a Gaussian distribution and zero mean value. In the
172 limit §,<<1, the function h(z) is written as

A% 11— pécoth(nd) 16 V2 k)8,
WO~—7F|s+—— 3 -5 R
173 47 |3 sinh*(pé) 27 T
74 (10)
175 &— .

176 Both o and o7(*) increase with the grating strength «, and
177 are inversely proportional to I'.

178  The inset in Fig. 2 shows oy, versus &. Since, for large &,
179 oy tends to a constant, the nonstationarity of U(&) is pro-
180 nounced only for £=<1/#. The asymptotic value of oy at
181 large ¢ can be used as an upper estimate of the standard
182 deviation of U. The thick and thin solid lines in the main part
183 of Fig. 2 correspond to the exact oy and its approximation,
184 found from Eq. (10), at £=8/ 7, respectively. The depen-
185 dences in Fig. 2 represent the transformation coefficient from
186 the level of the disorder in « to that in f or U for ky=I"
187 =V,=1. These dependences can be rescaled for the other
188 parameter values by using (8) or (10). Also, since the prob-
189 ability for U(£) to have a maximum larger than 3oy, is very
190 low, the condition mVé/ 2=30y, where Vo=voV,, defines a
191 threshold velocity above which the soliton propagates with-
192 out reflections.

193  We now consider the trapping of the soliton between
194 peaks of the potential U. Suppose that the soliton is reflected
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at position &,. This means that U(§) reaches the level E, at 195
&é=¢&,. Therefore, we arrive at the well-known problem of a 196
level crossing by a random function [18,19]. The complete 197
solution, which includes the derivation of the probability 198
density, of this problem for U(&) is complicated, because 199
U(&) is a nonstationary random process. Here we consider 200
only the MV of the number of reflection points (NRPs) and 201
of the length of intervals between reflections (IBRs). We fol- 202
low the standard derivation [19] which we now briefly 203
outline. 204

For an arbitrary random function u(z), the mean value Ly 205
of the sum of all intervals, where u(z) is below the level a, in 206
the interval z=[zy,z¢o+L] is Lg=L[" P,du, where P, is the 207
probability density of u. The number of crossings of level a 208
by u(z), where only crossing points with u'(z) =du/dz>0 209
are counted, is [19] nB:figJ'Lu’(Z)G[u’(z)](s[u(z)—a]dz, 210
where 6(x) is the Heaviside step function. The value of nz 211
equals the number of the IBRs and is approximately half of 212
the total NRPs. Then the MV of ny is written as [19] 213

214

Z()+L 0
<nB>=f dzf u' Py(u,u')du', (11)

20 0
where P,(u,u’) is the joint probability distribution of u and 215
u'. The mean length [; of a single IBR can be estimated as 216

We apply these results for u= U(£) and a=E,. We use the 218
fact that U(§) is a normal process and that U and U’ are 219

jointly normal. Then we get 220
&p+L
Lg=L®(Ey/oy), (np)= J(Ep,2)dz,  (13)
) 221
where 222
1 (° )
D(z) == exp(—x7/2)dx,
V2mJ o 223

‘71\“”1 0 2y Pn . e
J(a,2) = e[ 4 21D (7)],
2oy 224

< a
f Rz, 7=—2=%  (14)
0 Vl-p~oy 225

p(z) =

O'fO'U

To obtain numerical estimates of the MVs, we take 226
U(&)=0, so that Ey=mV;/2. The disorder is modeled by 227
using a random number generator with the standard devia- 228
tion opy;=0.02. Then, for the spatial step #=0.025, we get 229
b?=hopy;=107. The dependence of Iz and (ng) on L for 230
8,=0.5 and vy=0.1 found from Egs. (12)—(14) is shown in 231
Fig. 3. For a propagation length L=100, the MV of the IBR 232
is [;~4X 103> L. At this length, (ng)=0.05 and grows lin- 233
early with L. Thus, in gratings with 2% disorder and L 234
=1000, solitons are reflected in about half the realizations. In 235
numerical simulations of Eq. (1), though U(&,) does not nec- 236
essarily equal zero, we have qualitative agreement with the 237
dependences in Fig. 3. 238
The function J(E,,z) is the density of the number of in- 239
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FIG. 3. Mean length [ of the IBRs (dashed line) and the mean
value (ng) of the NRPs with positive derivative (solid line) versus
L, for b>=107°, 6,=0.5, and v(=0.1.

240 tersections of U(&), where U’ (€) >0 at the intersections, with
241 level E. The value J(E;,z) tends to a constant as z—o°:
242 J(Ey, ) =0y exp{~Eg/[207() 1}/ [20()]. Then J(E, )
243 is an essential parameter that characterizes the number of
244 reflections, (ng) = LJ(E;,%), which is related also to the rela-
245 tive number of realizations where the reflection can occur.
246 Taking (ng)=1, we obtain the characteristic propagation
247 length Lgz=1/J(E,), on which a single reflection of the
248 soliton is almost certain. The density J(E,,%*) depends expo-
249 nentially on the initial velocity and detuning; for example, in
250 the case U(&,)=0, J(E,,») ~exp[—3Kovg/(l655b2)].

251 Figure 4 shows J(E,8/ ), found from Eq. (14), versus
252 the initial velocity parameter v, for different &; and U(&))
253 =0. The density J decreases rapidly for vy=0.1. However,
254 for vy=<0.1, Lgz~ 10°-10* Since fiber gratings with L
255 ~ 102—10° are feasible, the results should be observable in
256 experiments. In real systems the pulse is injected from one
257 side of a grating. The trapping then manifests itself by a
258 reflection of the soliton.
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FIG. 4. Density J(E,8/7) versus vy for 8,=0.2 and 0.5 and
b*=107. We take U(&,)=0.

batic regime with weak disorder. Numerical simulations of 260
Eq. (1) show that stronger disorder may result in soliton 261
splitting, but this is beyond the scope of this work. 262

In conclusion, we explain the soliton trapping in random 263
grating by using a concept of disorder filtering by the soliton. 264
The influence of the disorder is averaged such that only the 265
slowly varying components affect the propagation. The fil- 266
tering results in an effective trapping potential. Since aver- 267
aging is a linear transformation, the statistical properties of 268
the potential can be found exactly. We demonstrate that the 269
probability of soliton trapping is related to the probability of 270
zero crossings by the potential and use this to find the mean 271
values of NRPs and IBRs. Because of the filtering action, we 272
expect the results for noise with a finite correlation length 273
less than the soliton width to be similar to those obtained 274
here with &-correlated noise. 275
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