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The adiabatic dynamics of solitons under the action of third-order dispersion (TOD), the Raman effect, and
self-steepening is studied. Using equations that describe the evolution of the pulse parameters, it is shown that
the interplay between these effects results in nontrivial pulse dynamics. It is found that positive TOD slows
down the self-frequency shift. The theory also describes the eventual suppression of the self-frequency shift in
fibers with negative TOD that was recently observed in experiments and described theoretically. The relations
of our results to supercontinuum generation are discussed. © 2006 Optical Society of America
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1. INTRODUCTION

The study of optical pulses propagating near the zero dis-
persion point (ZDP) of a fiber has at least two important
applications. The first one is optical communication sys-
tems where this allows one to decrease the power re-
quired for generation of stable pulses (solitons).}™ The
second application is supercontinuum (SC) generation in
various media.*® This area has attracted much attention
after realizing that broad SC can be effectively generated
in photonic crystal fibers (PCFs).6® PCFs have the advan-
tage that the dispersion properties can be engineered in
order to meet the requirements. Recently, the nonlinear
pulse propagation in antiresonant PCFs near the ZDP
was also studied by Fuerbach et al®

It is known that SC generation is a complicated process
that involves the dynamics of several solitons and disper-
sive waves (radiation). Now, it is commonly accepted that
the main effects that contribute to the SC generation are
higher-order dispersion, the Raman and the self-
steepening effects, together with a strong interaction be-
tween solitons and the phase-locked component of the ra-
diation (see, e.g., Dudley et al.®). Therefore, it is
interesting to study how these effects change the dynam-
ics of a single soliton.

.The influence of these higher-order effects individually
has been studied extensively.lo_16 The simultaneous ac-
tion of the effects mentioned on the pulse propagation was
studied by many authors!”? (see also Refs. 1-3). How-
ever, there is still a need for an analytical description of
the dynamics. For example, Zhao and Bourkoff'” present
mainly numerical results. The study by Frantzeskakis et
al.'® is based on a search of exact solutions of the govern-
ing equation. Ankiewicz!® considers the influence of dif-
ferent effects, including Raman scattering, higher-order
dispersion, two-photon absorption and saturation of non-
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linearity but does not analyze the interplay of the effects
in the detail. Golles et al.?® use the inverse scattering
transform method in order to find the evolution of solitons
bounded in a multisoliton state. The paper by Karpman21
concentrates on the properties of the radiation emitted by
the soliton. Both the soliton dynamics and the radiation
are considered by Biancalana et al.?? These authors used
the complete response function of the Raman effect,'
which complicates the analysis. Also, the self-steepening
effect was omitted by Biancalana et al.?® These authors
mainly studied the case of negative third-order dispersion
(TOD) aiming to explain the suppression of the Raman
self-frequency shift observed in the experiment.?? In our
study, we use the simplified form of the Raman
responsel’13 and focus on the soliton’s adiabatic dynamics.
The advantage of such an approach is that, in many
cases, it allows us to obtain explicit expressions for the
soliton parameters. We also analyze both signs of TOD.

The paper is organized as follows. In Section 2, we
present the basic equation that describes the propagation
of ultrashort pulses. The method of analysis and the
range of applicability are outlined in Section 3. The sepa-
rate influence of Raman scattering and third-order dis-
persion, as well as the combined action of these effects to-
gether with self-steepening, are studied in Section 4. In
particular, it is shown how TOD affects the Raman self-
frequency shift.?*?? Section 5 provides a summary of the
results and a conclusion.

2. DESCRIPTION OF THE PROBLEM

The basic equation that describes the propagation of ul-
trashort pulses in optical fibers near the ZDP has the
form of the perturbed nonlinear Schréodinger equation
(NLSE)* 13

© 2006 Optical Society of America
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Here i(t,z) is the slowly varying envelope of the field at
the frequency g,z is the propagation distance, t=t’
-2/vg is the retarded time, where ¢’ is the real time and
vg is the group velocity. Parameters S5(wg) and Bs(w,) are
the coefficients of the second- and the third-order disper-
sion, respectively. In this paper, we assume that the oper-
ating frequency o is in the anomalous dispersion region,
Ba(wy) <0, and that the Kerr nonlinearity coefficient vy is
positive. T and Tk are characteristic time scales of the
self-steepening and Raman effects, respectively. In stan-
dard silica fibers, for wavelength A=1.55 um, one can
take Tp~1-5fs and Tg~2fs, so that for pulses below
~1 ps, these effects become important.1 Here, we restrict
ourselves to TOD; however, inclusion of the higher-order
terms into the analysis is straightforward.

The full description of the Raman effects in fibers in-
volves using the response function F'(¢), so that the factor
Trd|y?/ ot of the Raman term in Eq. (1) needs to be re-
placed by the convolution J of F(¢f) and the field
intensity.">!* The nth term of the J expansion is propor-
tional to J,=(®,/n!)d|Y2/dt", n=1 where ®,
=d"P(w)/dw™ at =0 and P(w) is the Fourier transform
of F(¢). One can estimate J, ~ (®,/n!)p/w", where p and
w are the pulse peak power and width,respectively.
Therefore, the condition for replacing J by J; can be writ-
ten as

w>w,(n)=[®,/(n! dHV*D, n>1.

For the parameters of F(¢) of silica fibers* with =
=12.21fs, 75p=321s, and f=0.18, the characteristic scale
w.(n) is estimated as w.(n) <15 fs. Therefore, if the pulse
width is much larger than 15 fs, then one can use the ap-
proximate expression for the Raman effect as in Eq. (1).
The parameter Ty is defined as!? TR=2f7%72(7%+ 7‘%)‘1.

It is known that Eq. (1) without perturbations (R=0)
supports the propagation of stable pulses or solitons. The
presence of additional effects changes the parameters of
solitons and also results in emission of dispersive waves
by solitons. The main aim of the present work is to find
the variation of soliton parameters under the action of the
TOD, Raman effect, and self-steepening. We do not in-
clude in consideration either the radiation or interaction
between a soliton and radiated waves. Therefore, our ap-
proach is valid while the energy losses of the soliton to the
emitted waves are small.

3. METHOD

We consider a pulse in the form of a hyperbolic secant
function:
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t,z)=A sech(—)exp{w +b(t—t,) + ult—t.)%},
w
(2)

where A(z), w(z), and ¢.(z) are the amplitude, width, and
maximum position of the pulse, respectively, ¢(z) is the
phase shift, b(z) is the linear phase (frequency shift) coef-
ficient, and w(z) is the chirp parameter. The phase in Eq.
(2) is expanded up to the second order. The derivative
t.,=dt./dz accounts for the deviation of the pulse velocity
from the group velocity due to the additional effects. In
real coordinates, the pulse velocity v is given by

Vg
V= = v (1 +1,0,); 3)

1-¢. .0,

below we refer to ., as to the relative velocity. The actual
center frequency w of the pulse is w=wy-b.

We assume that the pulse shape does not change while
the pulse parameters vary during propagation. To find the
evolution of the parameters, we use the method of
moments.?* We start from the integral characteristics of
the field, namely, the energy @ and momentum P,

x 1
Q=f |yf*dz, =§f (Y, — o g)dt, 4)

and higher-order moments>:

I- f Hofeat,

I, =f (t —t)?|yf*dt,

%

Iy= f (t = t) (¥t — gt (5)

where t.(z)=1,/@Q, provided that || is symmetric function
of t—t.. Integrals I; and I, are the center and the disper-
sion of the energy distribution in the pulse, while I3 char-
acterizes the asymmetry of the momentum distribution.

For arbitrary perturbation R of the NLSE, cf. Eq. (1),
one can derive the equations for the generalized
moments>* (see also Tsoy et al.?):

- =zf_w(¢R — ¥'R)dt,

E=—lf_x(l//tR +yR)t,
dr, - ..
—=—i,82P+if HyR - yR)AL,
dZ —00

dl,

e iBol 3 + if_w (t-t)*(yR" - y'R)de,
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where the asterisk means the complex conjugate and R is
the perturbation to the NLSE [cf. Eq. (1)]. These equa-
tions are quite general and can be applied to the NLSE
with any perturbations.

The method described does not explicitly include the
linear waves. However, as shown by Kath and Smyth,?® to
some extent, the soliton chirp models the interaction of
the soliton with the radiation. For the validity of the
method, it is necessary that the perturbation R is small
(see below) and that the amount of emitted radiation is
modest.

We check the results of the approximate analysis with
those from the numerical simulations of Eq. (1). In nu-
merical modeling, we use the dimensionless form of Eq.
(1). For this purpose, we introduce

t
wp=220 52

cs Z cs

Fe s (7
’ t=_’ 7
tCS

where ¢ is a time scale of the input pulse, and the char-
acteristic scales z., and i, are defined as

tgs 1 ( |B2|>1/2 ( )
Zes= 71 {//cs i . 8
‘B2| tcs Y
Then, the corresponding NLSE has the form
gu  sgn(By) Fu Bs Pu
i— - — +|uu=i——
Iz 2 g 6 g3
_ 9 _ duf?
- | iTs—(lulw) - Tpu— |, 9
dt Jt
where
I L (10)
3=, S=7 R=7 -
‘B2|tcs tcs tcs

One could take #,,=w, so that the dimensionless width of
the input pulse equals unity. However, in numerical simu-
lations, we also vary the ratio w/t. in order to study the
dependence on the pulse width. We also assume that the

influence of the additional effects is small, so that B3,7,

and Ty ~ e< 1. In the sections below, we omit the bar sign
of the dimensionless variables where it does not cause
confusion.

4. RESULTS

For the particular perturbations in Eq. (1), one can obtain
from Egs. (6) the set of equations for the soliton param-
eters,
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Q.=0, (11)

2Qy )
b,= —— 2T + 5Tguw?), (12)
15w

B WT's@Q
to,=—Bob + —32(1 +3b%w% + w2 ptw?) + —— | (13)
’ 6w 2w
w2=—2[§2,u,w, (14)

1 ”
pe= 5= 2By(1 - muw?) - Qu(1 - Tsb)],  (15)

where By=,— B3b is the group velocity dispersion at the
soliton frequency. Note that the effects included in Eq. (1)
do not change the pulse energy,

Q=2A%)w(z) = 2A%w0 = const, (16)

where Aq=A(0) and wy=w(0). Of course, this does not ac-
count for loss of the energy due to the radiation of disper-
sive waves.

By combining Egs. (14) and (15), we find

ook a0
Wee = 772 w3 " wZ
:837sz ~
+ = —3(5Tswwz—4,82TR). (17)
1585 W

We use Eq. (17) for the analysis of the dynamics.

In the presence of the self-steepening effect only, T'g
#0 and B3=Tx=0, the corresponding NLSE can be re-
duced to the derivative NLSE (see, e.g., Ref. 3, chap. 6).
The derivative NLSE is integrable by the inverse scatter-
ing transform method.?” The derivative NLSE allows for
the propagation of robust solitons similar to the pure
NLSE. Therefore, we do not consider this case. The de-
tails of the dynamics and corresponding references can be
found in Ref. 3.

In the following subsections first we briefly review the
main characteristics of the pulse dynamics in the unper-
turbed case Tg=Tg=B3=0. Though this is well known
(see, e.g., Ref. 1) this description is useful for a better un-
derstanding of the influence of the higher-order effects.
Then, we consider the influence of TOD and the Raman
effect separately. We compare the results obtained from
Eqs. (11)—(15) with those known from the
literature.'1>1%19 This justifies our approach and defines
the regions of validity in the parameter space. Then, we
consider the combination of the TOD and Raman effect
(or self-steepening). Finally, we analyze the general case
when all three perturbations act simultaneously.

A. Unperturbed Nonlinear Schrédinger Equation, 85
=Tg=Txr=0

Here we have @,=0,=0, and if ,=5(0)=0, then ¢,,=0.
The equation for w is
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T w2+ w '

Equation (18) corresponds to the motion of an equivalent
classical particle in the potential U. This equation is the
same as that obtained from the variational approach?
based on the Lagrangian of Eq. (1). As pointed out by Ab-
dullaev and Caputo,” the potential U is that of the clas-
sical Kepler problem.30 Equation (18) has a conservative
quantity, which is the energy of the equivalent particle

(20)

w? 2 (B ¥QB;
—+ ==+ —.
2 P\w? w

For B,<0, the potential U has a single minimum at

28

21
0 (21)

Ws=

This stationary point corresponds to a fundamental soli-
ton solution of the unperturbed Eq. (1), which propagates
without variation of its shape. Equation (21) together
with Eq. (16) also provide a relation between the ampli-
tude A; and width w, of the fundamental soliton:

- B
Aw,= | —. (22)
Y

This relation, which here follows from the moment
method analysis, coincides with the exact result.’!

If wy #wy, or in other words, if Ay and w, do not satisfy
Eq. (22), then for £ <0, as follows from Eq. (18), w oscil-
lates near the stationary point. In fact, as shown by Sat-
suma and Yajima,31 these oscillations are damped, so that
w asymptotically approaches a value close to that given
by Eq. (21). The damping is because the soliton radiates
dispersive waves, adjusting its form. This damping
should be remembered while comparing the approximate
results with the actual dynamics of the system.

If E>0, then w diverges upon propagation and the
pulse decays dispersively. In particular, for a given value
of @, narrow pulses with wo<w,/2 and cy=0 decay, a re-
sult that coincides with the exact theory for the unper-
turbed NLSE.

B. Case B3#0 and Tg=Tx=0
In this case, Egs. (11)—(15) reduce to

Q.=b,=0, (23)

B
to =~ Pob + 6—32(1 +3b%02 + 2ulwh),  (24)
w
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(k)

Ww,, = 772 +

wd " w?
and u is found from w by using Eq. (14). Equation (23) im-
plies that & is constant. Actually, as shown by Elgin et
al.,’ the frequency shift b changes with z; however, the
variations are of order O(e?). Equation (25) with substitu-

tion /f%’zﬂ Bs has the same form as Eq. (18). Therefore, re-
garding the pulse width w and chirp w, the TOD just re-
defines the dispersion parameter from B to 3. The linear
dependence of ,32 on b arises because we consider TOD
only and thus a linear dependence of the second-order dis-
persion on . Hence, for w(0)=w,, one has w(z) —w, and
u(z)—0 after a transient process. When 5(0)=0, we find
that the relative velocity [cf. Eq. (3)] is

B bY@
6w’ 942

z— o, (26)

¢,z

Equation (26) shows that shorter (longer) pulses have
larger group velocities for B3>0 (B83<<0). This result is in
agreement with the work by Elgin et al., who also
present a detailed analysis of the TOD influence including
the properties of the radiation emitted by the soliton.

C. Case Tg#0 and B3=Tg=0

As seen from Eqs. (11)-(15), the parameter T is present
only in the equation for 4. Therefore, the dynamics of w
and w is the same as that in the unperturbed case. The
soliton parameters tend to those of the fundamental soli-
ton: w—w,, c—0, and A— Q/w,. At the same time, the
Raman effect generates a frequency shift, the evolution of
which is found from

~ 4yTRrQ @7
2715w

For the fundamental soliton w=w;,, the last equation can
be written as

8Tg| .|
b —

o 15w?

(28)

The frequency shift b increases linearly on the propaga-
tion distance, and it is inversely proportional to the fourth
power of the pulse width. This dependence agrees with
earlier results obtained by other authors.'>' The relative
velocity changes linearly with z as follows from Eq. (13).

D. Case B3#0, Tg#0, and Tz=0:
The dynamical equations can now be written as

YI'sQw w
b=———, m=-—1, (29)
3By W 2w

22%2{2232 y(l—Tst] Bsﬂ‘sQ(wz)z
wzz=7 — t + — ] .

w? w? 33% w
(30)

The first of Eqs. (29) results in the conservation law:



E. N. Tsoy and C. M. de Sterke

d b?  VI'sQ
- ,325—/335— 3 =0. (31)

This allows one to express the frequency shift b in terms
of the width variation, giving:

(32)

where by=56(0) and wy=w(0).
Equation (30) has a stationary point at w,~u=0 and
w=w, where
2, -
Wy=———""—.
Y 1-Tsb)Q
If one takes bg=ug=0 and wo=w,, then w(z),u(z), and
b(z) oscillate near stationary values. Therefore, for such
initial conditions, the dynamics of w(z) is similar to the
unperturbed case with a slight variation of the stationary
point according to Eq. (33).

E. Case B3#0, Tp#0, and Tg=0
The evolution of b is described by Eq. (27), while the equa-
tion for w is now written as

2 [ 26 VQ] 4 B3YTrQw,

T 15 B W

(34)

Wez =

= b —
| wd  w?
Ignoring the last term in Eq. (34), one can write the en-
ergy of the equivalent particle (cf. Subsection 4.A):
wf 232|: :25'2 VQ]
=—+—| —=Z+— |

2 | w w (35)

Similar to the unperturbed case discussed in Subsection
4.A,ifEy=E(z=0)<0 (E(>0), then the dynamics of w has
(has not) a bound state. However, inclusion of the last
term in Eq. (34) can change this condition so that the ini-
tially bounded dynamics of w can become unbound. The
last term in Eq. (34) can be considered as a w-dependent
amplification (dissipation) for B3TR/B;>0 (<0).

In this subsection, we consider T, >0 that corresponds
to optical fibers. However, Eqgs. (27) and (34) are invariant
with respect to the transformation T —-Tg, B3— —ps,
and b— -b; therefore the analysis below can be applied
formally for the case T <0 too.

1. Case B3>0

As follows from Eq. (27), for T, > 0,5 is always an increas-
ing function of z, since the Raman effect induces always
the red frequency shift. Then, Eq. (34) can be interpreted
as a motion in a slowly varying potential with the addi-
tional action of dissipation or amplification. The mini-
mum of the potential,

w, = - 2B/(1Q), (36)

increases with z because of the variation of ,232. For B3
>0, assuming also b>0,|B3;| as well as w, increase.
Therefore, w(z) is an oscillating function of z with increas-
ing average value defined by Eq. (36).
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For initial pulses close to the fundamental soliton, one
can substitute w, from Eq. (36) instead of w to Eq. (27).
Then, the evolution of the frequency shift is written as

1 ) 2 1/4
b= ,8_3[B2 + (ﬁ%,o + EﬁsTR74Q4Z> } , 37

where By0=By(2=0)=B,-Bsbp<0, and which is valid
while & is such that B, =0. The evolution of the soliton ve-
locity is found from that of b [see Eq. (13)],

Bs ,
tc,z == EZb + Eb ’ (38)

which is the relative group velocity of linear waves of the
NLSE (1). The parameters b and w, approach ~z* at
large z. Therefore, positive TOD decelerates the variation
of the frequency shift as compared with the linear z de-
pendence of the Raman shift for B3=0 (see Subsection
4.C). The qualitative explanation is as follows. The Ra-
man redshift at B3>0 moves the soliton frequency away

from the ZDP so that the absolute value || of the group
velocity dispersion increases. This results in an increase
of the soliton width, c.f. Eq. (36). This change, in turn, de-
creases the rate of the frequency shift variation via Eq.
(27). As we shall see below, the frequency shift dynamics
has a more dramatic change for B3<0, consistent with
Refs. 22 and 23.

Figure 1 shows the dependencies of w and & on z.
Curves correspond to the numerical simulations of Egs.
(27) and (34) in Fig. 1(a) and to Eq. (37) in Fig. 1(b), while
points are from numerical simulations of Eq. (9). The pa-

1.25

=
0.95 * - - *
o] 20 40 60 80 100
z
25 o Py=005
By =0.1 -~ ’
2 ——B, =005 et
—=="p,=01 M"WS
1.5 ¢
o
1 L
05 | (b)
0 . L L L
0 20 40 60 80 100

z

Fig. 1. Dependence of (a) soliton width and (b) frequency shift
on z for B3>0. Solid and dashed curves correspond to (a) numeri-
cal simulations of Egs. (27) and Egs. (34), (b) Eq. (37), while
points are from numerical simulations of Eq. (9). The dotted line
in (b) is the dependence for B3=0. Parameters are T;=0.05 and
Ap=wy=1.
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rameter b is calculated at the pulse center by using the
phases of the two points adjacent to the soliton center.
The initial condition corresponds to the fundamental soli-
ton, i.e., wo=w, so that the effective particle is at the po-
tential minimum at z=0. The width w(z) follows the mini-
mum position that increases with z [see Eq. (36)]. Small
oscillations of w near w, mean that the variation of the
potential is not completely adiabatic. The frequency shift
b increases as described by Eq. (37) but slower than the
linear dependence of b for B3=0 [dotted line in Fig. 1(b)].
Note the good agreement of numerical results with theo-
retical predictions discussed above. When the initial con-
dition is not the fundamental soliton, then the oscillations
of w have a much larger amplitude, and the numerical re-
sults deviate more from the theoretical ones.

2. Case B3<0
For B3<0, the Raman effect, that always shifts the spec-
trum to longer wavelengths, moves the soliton frequency

toward the ZDP. The decrease of \,232| results in a decrease
of the soliton width. Then, as follows from Egs. (27) and
(34), at some distance, the effective dispersion becomes

normal, 3,>0. For Eq. (34), this means that the station-
ary point of the potential disappears, and the potential is
a decreasing function of w. Then, the pulse decays disper-
sively so that its width is predicted to increase indefi-
nitely. The frequency shift rate increases initially. Then,
after the threshold distance, the rate decreases, and the
frequency shift saturates as follows from Eq. (27) because
b,~0 for large w. As we see below, the numerical simula-
tions of Eq. (1) give a slightly different behavior.

One can estimate the threshold length z, where

pulses start to decay, from the condition B;=0 or from Eq.
(37). The expression in parentheses in Eq. (37) turns to
zero at

15 B

T2 BTar Q" (39)

2th =

a result that is valid for pulses close to the fundamental
soliton. Equations (36)—(38) are valid for B3<0 as well,
provided that z <zy,.

The evolution of w and b with z for different values of
B3 is presented in Fig. 2. The values of b found from Eq.
(37) are not shown, since the equation is valid for z <z,
however, for that region, these values are very close to
those obtained from numerical solutions of Eqs. (27) and
(34). The theory [curves in Fig. 2(a)] predicts a decrease of
w and then a sharp increase. The frequency shift [solid
and dashed curves in Fig. 2(b)] initially increases faster
than the linear dependence for B3=0 [dotted line in Fig.
2(b)]. Then, our theory predicts that the frequency shift

saturates at a value such that 32> 0. Actually, numerical
simulations [points in Fig. 2(a)] of Eq. (9) show that the
pulse width decreases initially, and then after the thresh-
old, it gradually increases. Also, in contrast to the theory,
the effective dispersion at the soliton frequency is still
negative after the threshold. The theory and numerical
simulations differ because the pulse loses the energy to
resonant radiation®® near the threshold. For the same
reason, the theory overestimates the asymptotic value of
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the frequency shift. Numerical simulations of Eq. (9) also
show that parameter @, corresponding to soliton energy,
is almost constant at z<zy, as given by Eq. (11); @ de-
creases considerably at z>zy,. Nevertheless, the theory
provides a correct description of the initial stage of the dy-
namics for B3<0. Moreover, it gives reasonable values of
the threshold distance, Eq. (39).

A typical example of the field evolution is shown in Fig.
3. The pulse propagates to the right-hand side along the ¢
axis. At z=90, the pulse narrows and starts to generate
radiation (cf. Ref. 22). The theoretical value, for the
threshold calculated from Eq. (39) for the parameters in
Fig. 3, is 21,=93.8, close to the value observed. After the
threshold, the soliton width (amplitude) increases (de-
creases) gradually. Radiation forms a pedestal behind the
soliton in the ¢ axis. Figure 4 compares the theoretical
threshold value zy, with numerical results for different
values of the initial pulse width. We vary both the pulse
width and amplitude so that the initial pulse corresponds
to the fundamental soliton [cf. Eq. (22)]. For the funda-
mental soliton Ag~1/w, then Q=2Agw0~ 1/wg. There-
fore, the threshold is proportional to the fourth power of
the initial width as follows from Eq. (39) and is confirmed
by numerical results in Fig. 4.

Thus, the perturbation analysis provides a quantitative
description of the suppression of the self-frequency shift,

k4
z
 By=—005
| . By=-0.1
20 Bz =005 R
——— - By=-01 =
15 o
o L S
10t ! s
[
I e
5 VD :
T (b)
0 1 1 n 1
0 50 100 150 200 250

Fig. 3. Pulse evolution found from numerical simulations of Eq.
(9). Parameters are B3=-0.1, T3=0.05, and Aj=w,=1.
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Fig. 4. Dependence of the threshold length on the soliton width.
The curve corresponds to Eq. (39), and the points are from the
numerical simulations of Eq. (9). Parameters are B3=-0.1, Ty
=0.05, and Ay=1/w,.

which has been observed? in PCFs for 8;<0 and studied
theoretically.?® The qualitative explanation of Skryabin
and co-workers?” and Biancalana et al.?? is as follows: A
soliton generates dispersive waves (radiation) due to the
higher-order effects. The radiation is redshifted for Bs
<0. The interaction between the soliton and the resonant
radiation results in a spectral recoil, which tends to blue-
shift the soliton frequency. Since the Raman effect pro-
duces a redshift (T >0), it can be suppressed by the spec-
tral recoil. Our work here suggests that an important
contribution to the suppression of the self-frequency shift
is the energy loss by the soliton to resonant radiation.
Note that by Eq. (27), this shift is proportional to the
pulse energy @. However, the decrease of the energy @
also results in an increase of the soliton width as seen
from Eq. (36) and Fig. 2(a). Therefore, the rate of the fre-
quency shift decreases since it is inversely proportional to
wg [see Eq. (28)]. Also, as pointed out in Ref. 23, there is
no complete cancellation of the Raman self-shift, because
the soliton continues to transfer energy to radiation after
the threshold.

We mention that for B3#0, Tg#0, and Tr=0, consid-
ered in Subsection 4.D, Eqgs. (29) and (30) also predict

that ,25'2 can approach close to zero. In that case, w, can
become very small; and, after that, w(z) linearly increases
without bound. However, such a situation can be realized
for relatively large T's=0.3 and B3=0.3 and for large de-
viation of the initial pulse from the fundamental soliton.
Moreover, numerical simulations of Eq. (1) do not show
such behavior. This difference is probably due to addi-
tional losses through radiation of linear waves.

F. General Case, B3#0, Tg#0, and Tr#0

It is difficult to analyze the general case for an arbitrary
set of parameters. The dynamics of w and & are found
from Eqgs. (12) and (17), respectively. As mentioned, the
last equation describes the motion of an equivalent par-
ticle in a potential in addition to the dissipation or ampli-
fication effects. The minimum of the potential,

28,

-—— 40
¥(1-Tsb)Q 40

We =

changes on z. One can estimate the derivative:
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dw; 2(B3 = B:T's)
~ —2b2 + O(ez). (41)
dz  (1-Tsb)"yQ

Then, assuming b,>0, T >0, and E;<0, we have

— f By > BT
>0, ifBy> ,
1 1 3 24 S

<0, if B3<pBoTs. (42)

Then, the dynamics in the general case is similar to that
described in Subsection 4.E but with a different threshold
for parameter Bs. In other words, the absolute value |8
in the case B3<0 should be large enough in order to ob-
serve the decrease of the pulse width and the threshold
dynamics. We should mention that relation (42) is found
from an asymptotic expansion, and therefore it is approxi-
mate. Nevertheless, it gives good estimates for the
threshold on S5 as has been confirmed by numerical simu-
lations.

G. Parameters and Comparison
In this subsection, we discuss the range of the parameters
where our results are valid. We also compare our theory
with the previous analytical treatment.?3

A basic condition for the application of the perturbation
approach is that the parameters defined in Eq. (10) are
small. This condition is satisfied for many SC generation
experiments reported recently. For example, the micro-
structured optical fiber used by Ranka et al.% has the fol-
lowing parameters, 8y~ —4 ps2/km, B3~0.06 ps®/km, and
v=0.1/(mW) at the wavelength of 790 nm. The dispersion
parameters were estimated from Fig. 2 of Ref. 6. For the

pulse width wy=100fs, and taking Tr=3 fs, one has S5

=0.15 and T5=0.03. In the experiment by Skryabin et
al.,” the PCF has Bo=-T70 ps?/km, B3=—0.25 ps3/km, and
v=0.12/(mW) for the core diameter ~1.2 um. Then, for

the pulse width, wy=>53fs, B%=0.067, and Tr=0.057.
Therefore, in the experiments,%*? the higher-order effects
can be treated as small perturbations.

Another necessary condition is that the input pulse
should be close to the fundamental soliton. The soliton
peak power Af can be found from Eq. (22). This gives Af
~4W for w,=100fs for Ref. 6, and A2=~250W for w,
=53fs for Ref. 22. These values of the peak power are
close to those used in the experiments.s’22

For the parameters mentioned above for Ref. 22 one
finds from Eq. (39), that z;;,=5 m. The numerical modeling
in Ref. 22 gives zy,~2.5 m. An exact comparison is diffi-
cult because the parameters of the Raman effects are not
specified in Ref. 22. In the numerical simulations of Ref.

23 Bo=-1, B3=-0.09, y=1, and the Raman coefficient Tp
=0.012. Then, for A,=20"2 and w,=1/A,, Eq. (39) gives
zin=1.07, which is quite close to the threshold value in
Ref. 23.

As was mentioned in Section 1, the problem was also
studied analytically in Ref. 23. The authors of Ref. 23
used a similar perturbation approach, but the radiation
field was included explicitly. Moreover, an approximate
formula for the radiation in the limit z— % was obtained.
Then this expression was used in the adiabatic equations
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for the soliton parameters @ and . However, since the ex-
pression for radiation was taken at z—«, the adiabatic
expressions agree with the numerical modeling of the
NLSE at large z, z>z,. This is clearly seen in Fig. 4(b) of
Ref. 23. In other words, the theory in Ref. 23 assumes
that the role of radiation is the same at all z. In contrast,
our approach gives a description for z <z, where the ra-
diation is very small as follows from numerical simula-
tions of the NLSE. Therefore, our theory and that in Ref.
23 provide mutually complementary results valid for dif-
ferent ranges of z or for different values of the initial
pulse energy @ [see Eq. (39)].

5. CONCLUSIONS

We have studied the dynamics of solitons in optical fibers
in the presence of the TOD, self-steepening, and Raman
effects. Our approach is based on the method of
moments.?* We have justified the approach by comparing
our results with those for the cases when the system is
affected by the TOD or Raman effect only. We have found
that the interplay of the high-order effect results in non-
trivial dynamics of the soliton.

In particular, we demonstrated that the rate of the self-
shift slowly decreases for positive TOD. This process oc-
curs adiabatically without appreciable change of the soli-
ton energy, due to the increase of the soliton width [see
Eq. (27)]. The soliton spectrum moves away from the ZDP
for B3> 0. Negative TOD also results in suppression of the
frequency shift, though the dynamics differs from that for
B3>0. The frequency shift rate initially speeds up, and
the soliton spectrum moves closer and closer to the ZDP.
The soliton width decreases and the spectrum becomes
wider. Near the ZDP, the soliton rapidly loses its energy to
resonant radiation.??? Our theory is not valid after that
point, because it does not account for such losses. How-
ever, this process results in the suppression of the fre-
quency shift because of the spectral recoil from the in-
duced radiation.???® Therefore, the self-shift suppression
for B3<0 involves both the soliton and the induced radia-
tion. We show here that a potentially significant contribu-
tion to the weakening of the Raman effect is the reduction
of the soliton energy. After the threshold, the Raman ef-
fect still pushes the soliton spectrum to the ZDP so that
the soliton energy transfers continuously to radiation.

In addition to recent studies,m*23 we have considered
the dynamics for the both signs of B3. The role of self-
steepening is analyzed as well. We have obtained explicit
relations for the soliton dynamics under the action of sev-
eral effects. These relations are presented in Egs. (31),
(32), (36)—(39), and (42), giving the evolution of the soliton
width, frequency shift, and velocity, as well as that of zy,.
The soliton amplitude is found from Eq. (22).

The majority of the SC generation experiments‘k8 have
been performed in the positive B3 region. As shown in
Subsection 4.E, the pulse width increases with z for B3
>0, which means that the spectral width decreases.
Therefore, the wide SC spectrum is not connected with
wide spectra of individual solitons but is related to the
balanced contribution of solitons with different central
frequencies and the phase-matched radiation.

E. N. Tsoy and C. M. de Sterke

The region with 83<0 can also be useful for SC genera-
tion, since the pulse width decreases for 83 <0, and there-
fore the pulse becomes spectrally wider. In fact, the SC
generation in PCF with two zero dispersion points, so that
B3<0 for one of the points, was studied recently.SZ*34
However, our analysis shows that the system length
should then be optimized with account of zy,. For z<zy,
the energy at the radiation frequency is small, while for
z >z, the amount of energy at the soliton frequency de-
creases substantially. Therefore, to have a comparable
contribution in the spectrum at the frequencies of the soli-
ton and radiation, one needs to take the system length not
much longer than zy,.
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