
1
T
p
a
t
q
s
v
a
i
t
o
p
w

t
s
t
h
s
t
d
i
i

h
t
s
e
t
m
a
i
f
d

E. N. Tsoy and C. M. de Sterke Vol. 23, No. 11 /November 2006 /J. Opt. Soc. Am. B 2425
Dynamics of ultrashort pulses near zero
dispersion wavelength

Eduard N. Tsoy*

Centre of Excellence for Ultrahigh-bandwidth Devices for Optical Systems, School of Physics,
University of Sydney, Sydney, New South Wales 2006, Australia

C. Martijn de Sterke

Centre of Excellence for Ultrahigh-Bandwidth Devices for Optical Systems, School of Physics,
University of Sydney, Sydney, New South Wales 2006, Australia

Received May 18, 2006; revised July 24, 2006; accepted July 25, 2006; posted August 4, 2006 (Doc. ID 71033)

The adiabatic dynamics of solitons under the action of third-order dispersion (TOD), the Raman effect, and
self-steepening is studied. Using equations that describe the evolution of the pulse parameters, it is shown that
the interplay between these effects results in nontrivial pulse dynamics. It is found that positive TOD slows
down the self-frequency shift. The theory also describes the eventual suppression of the self-frequency shift in
fibers with negative TOD that was recently observed in experiments and described theoretically. The relations
of our results to supercontinuum generation are discussed. © 2006 Optical Society of America
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. INTRODUCTION
he study of optical pulses propagating near the zero dis-
ersion point (ZDP) of a fiber has at least two important
pplications. The first one is optical communication sys-
ems where this allows one to decrease the power re-
uired for generation of stable pulses (solitons).1–3 The
econd application is supercontinuum (SC) generation in
arious media.4,5 This area has attracted much attention
fter realizing that broad SC can be effectively generated
n photonic crystal fibers (PCFs).6–8 PCFs have the advan-
age that the dispersion properties can be engineered in
rder to meet the requirements. Recently, the nonlinear
ulse propagation in antiresonant PCFs near the ZDP
as also studied by Fuerbach et al.9

It is known that SC generation is a complicated process
hat involves the dynamics of several solitons and disper-
ive waves (radiation). Now, it is commonly accepted that
he main effects that contribute to the SC generation are
igher-order dispersion, the Raman and the self-
teepening effects, together with a strong interaction be-
ween solitons and the phase-locked component of the ra-
iation (see, e.g., Dudley et al.8). Therefore, it is
nteresting to study how these effects change the dynam-
cs of a single soliton.

.The influence of these higher-order effects individually
as been studied extensively.10–16 The simultaneous ac-
ion of the effects mentioned on the pulse propagation was
tudied by many authors17–23 (see also Refs. 1–3). How-
ver, there is still a need for an analytical description of
he dynamics. For example, Zhao and Bourkoff17 present
ainly numerical results. The study by Frantzeskakis et

l.18 is based on a search of exact solutions of the govern-
ng equation. Ankiewicz19 considers the influence of dif-
erent effects, including Raman scattering, higher-order
ispersion, two-photon absorption and saturation of non-
0740-3224/06/112425-9/$15.00 © 2
inearity but does not analyze the interplay of the effects
n the detail. Golles et al.20 use the inverse scattering
ransform method in order to find the evolution of solitons
ounded in a multisoliton state. The paper by Karpman21

oncentrates on the properties of the radiation emitted by
he soliton. Both the soliton dynamics and the radiation
re considered by Biancalana et al.23 These authors used
he complete response function of the Raman effect,14

hich complicates the analysis. Also, the self-steepening
ffect was omitted by Biancalana et al.23 These authors
ainly studied the case of negative third-order dispersion

TOD) aiming to explain the suppression of the Raman
elf-frequency shift observed in the experiment.22 In our
tudy, we use the simplified form of the Raman
esponse1,13 and focus on the soliton’s adiabatic dynamics.
he advantage of such an approach is that, in many
ases, it allows us to obtain explicit expressions for the
oliton parameters. We also analyze both signs of TOD.

The paper is organized as follows. In Section 2, we
resent the basic equation that describes the propagation
f ultrashort pulses. The method of analysis and the
ange of applicability are outlined in Section 3. The sepa-
ate influence of Raman scattering and third-order dis-
ersion, as well as the combined action of these effects to-
ether with self-steepening, are studied in Section 4. In
articular, it is shown how TOD affects the Raman self-
requency shift.22,23 Section 5 provides a summary of the
esults and a conclusion.

. DESCRIPTION OF THE PROBLEM
he basic equation that describes the propagation of ul-

rashort pulses in optical fibers near the ZDP has the
orm of the perturbed nonlinear Schrödinger equation
NLSE)1–3,13:
006 Optical Society of America
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�t
����2�� − TR�

� ���2

�t �
� R���. �1�

ere ��t ,z� is the slowly varying envelope of the field at
he frequency �0 ,z is the propagation distance, t= t�
z /vg is the retarded time, where t� is the real time and
g is the group velocity. Parameters �2��0� and �3��0� are
he coefficients of the second- and the third-order disper-
ion, respectively. In this paper, we assume that the oper-
ting frequency �0 is in the anomalous dispersion region,
2��0��0, and that the Kerr nonlinearity coefficient � is
ositive. TS and TR are characteristic time scales of the
elf-steepening and Raman effects, respectively. In stan-
ard silica fibers, for wavelength �=1.55 �m, one can
ake TR�1–5 fs and TS�2 fs, so that for pulses below
1 ps, these effects become important.1 Here, we restrict

urselves to TOD; however, inclusion of the higher-order
erms into the analysis is straightforward.

The full description of the Raman effects in fibers in-
olves using the response function F�t�, so that the factor
R� ���2 /�t of the Raman term in Eq. (1) needs to be re-
laced by the convolution J of F�t� and the field
ntensity.1,3,14 The nth term of the J expansion is propor-
ional to Jn���n /n ! ��n ���2 /�tn, n	1 where �n
dn���� /d�n at �=0 and ���� is the Fourier transform

f F�t�. One can estimate Jn���n /n ! �p /wn, where p and
are the pulse peak power and width,respectively.

herefore, the condition for replacing J by J1 can be writ-
en as

w � wc�n� � ��n/�n ! �1�	1/�n−1�, n 
 1.

or the parameters of F�t� of silica fibers14 with �1
12.2 fs, �2=32 fs, and f=0.18, the characteristic scale
c�n� is estimated as wc�n��15 fs. Therefore, if the pulse
idth is much larger than 15 fs, then one can use the ap-
roximate expression for the Raman effect as in Eq. (1).
he parameter TR is defined as12–14 TR=2f�1

2�2��1
2+�2

2�−1.
It is known that Eq. (1) without perturbations �R=0�

upports the propagation of stable pulses or solitons. The
resence of additional effects changes the parameters of
olitons and also results in emission of dispersive waves
y solitons. The main aim of the present work is to find
he variation of soliton parameters under the action of the
OD, Raman effect, and self-steepening. We do not in-
lude in consideration either the radiation or interaction
etween a soliton and radiated waves. Therefore, our ap-
roach is valid while the energy losses of the soliton to the
mitted waves are small.

. METHOD
e consider a pulse in the form of a hyperbolic secant

unction:
��t,z� = A sech
 t − tc

w �exp�i�
 + b�t − tc� + ��t − tc�2	
,

�2�

here A�z�, w�z�, and tc�z� are the amplitude, width, and
aximum position of the pulse, respectively, 
�z� is the

hase shift, b�z� is the linear phase (frequency shift) coef-
cient, and ��z� is the chirp parameter. The phase in Eq.

2) is expanded up to the second order. The derivative
c,z=dtc /dz accounts for the deviation of the pulse velocity
rom the group velocity due to the additional effects. In
eal coordinates, the pulse velocity v is given by

v =
vg

1 − tc,zvg
� vg�1 + tc,zvg�; �3�

elow we refer to tc,z as to the relative velocity. The actual
enter frequency � of the pulse is �=�0−b.

We assume that the pulse shape does not change while
he pulse parameters vary during propagation. To find the
volution of the parameters, we use the method of
oments.24 We start from the integral characteristics of

he field, namely, the energy Q and momentum P,

Q =�
−�

�

���2dt, P =
1

2�−�

�

���t
* − �*�t�dt, �4�

nd higher-order moments24:

I1 =�
−�

�

t���2dt,

I2 =�
−�

�

�t − tc�2���2dt,

I3 =�
−�

�

�t − tc���*�t − ��t
*�dt, �5�

here tc�z�=I1 /Q, provided that ��� is symmetric function
f t− tc. Integrals I1 and I2 are the center and the disper-
ion of the energy distribution in the pulse, while I3 char-
cterizes the asymmetry of the momentum distribution.
For arbitrary perturbation R of the NLSE, cf. Eq. (1),

ne can derive the equations for the generalized
oments24 (see also Tsoy et al.25):

dQ

dz
= i�

−�

�

��R* − �*R�dt,

dP

dz
= − i�

−�

�

��tR
* + �t

*R�dt,

dI1

dz
= − i�2P + i�

−�

�

t��R* − �*R�dt,

dI2

dz
= i�2I3 + i�

−�

�

�t − tc�2��R* − �*R�dt,
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dI3

dz
= 2P

dtc

dz
− i�

−�

�

�2�2��t�2 + ����4�dt

+ 2i�
−�

�

�t − tc���tR
* + �t

*R�dt

+ i�
−�

�

��R* + �*R�dt, �6�

here the asterisk means the complex conjugate and R is
he perturbation to the NLSE [cf. Eq. (1)]. These equa-
ions are quite general and can be applied to the NLSE
ith any perturbations.
The method described does not explicitly include the

inear waves. However, as shown by Kath and Smyth,26 to
ome extent, the soliton chirp models the interaction of
he soliton with the radiation. For the validity of the
ethod, it is necessary that the perturbation R is small

see below) and that the amount of emitted radiation is
odest.
We check the results of the approximate analysis with

hose from the numerical simulations of Eq. (1). In nu-
erical modeling, we use the dimensionless form of Eq.

1). For this purpose, we introduce

u�z̄, t̄� =
��z,t�

�cs
, z̄ =

z

zcs
, t̄ =

t

tcs
, �7�

here tcs is a time scale of the input pulse, and the char-
cteristic scales zcs and �cs are defined as

zcs =
tcs
2

��2�
, �cs =

1

tcs

 ��2�

�
�1/2

. �8�

hen, the corresponding NLSE has the form

�u

� z̄
−

sgn��2�

2

�2u

� t̄2
+ �u�2u = i

�̄3

6

�3u

� t̄3

− �iT̄S

�

� t̄
��u�2u� − T̄Ru

� �u�2

� t̄ � , �9�

here

�̄3 =
�3

��2�tcs
, T̄S =

TS

tcs
, T̄R =

TR

tcs
. �10�

ne could take tcs=w0, so that the dimensionless width of
he input pulse equals unity. However, in numerical simu-
ations, we also vary the ratio w0 / tcs in order to study the
ependence on the pulse width. We also assume that the
nfluence of the additional effects is small, so that �̄3 , T̄S,
nd T̄R���1. In the sections below, we omit the bar sign
f the dimensionless variables where it does not cause
onfusion.

. RESULTS
or the particular perturbations in Eq. (1), one can obtain

rom Eqs. (6) the set of equations for the soliton param-
ters,
Qz = 0, �11�

bz =
2Q�

15w3 �2TR + 5TS�w2�, �12�

tc,z = − �2b +
�3

6w2 �1 + 3b2w2 + �2�2w4� +
�TSQ

2w
, �13�

wz = − 2�̂2�w, �14�

�z =
1

�2w4 �− 2�̂2�1 − �2�2w4� − �Qw�1 − TSb�	, �15�

here �̂2=�2−�3b is the group velocity dispersion at the
oliton frequency. Note that the effects included in Eq. (1)
o not change the pulse energy,

Q = 2A2�z�w�z� = 2A0
2w0 = const, �16�

here A0=A�0� and w0=w�0�. Of course, this does not ac-
ount for loss of the energy due to the radiation of disper-
ive waves.

By combining Eqs. (14) and (15), we find

wzz =
2�̂2

�2 �2�̂2

w3 +
�Q�1 − TSb�

w2 �
+

�3�Q

15�̂2
2

wz

w3 �5TSwwz − 4�̂2TR�. �17�

e use Eq. (17) for the analysis of the dynamics.
In the presence of the self-steepening effect only, TS
0 and �3=TR=0, the corresponding NLSE can be re-

uced to the derivative NLSE (see, e.g., Ref. 3, chap. 6).
he derivative NLSE is integrable by the inverse scatter-

ng transform method.27 The derivative NLSE allows for
he propagation of robust solitons similar to the pure
LSE. Therefore, we do not consider this case. The de-

ails of the dynamics and corresponding references can be
ound in Ref. 3.

In the following subsections first we briefly review the
ain characteristics of the pulse dynamics in the unper-

urbed case TS=TR=�3=0. Though this is well known
see, e.g., Ref. 1) this description is useful for a better un-
erstanding of the influence of the higher-order effects.
hen, we consider the influence of TOD and the Raman
ffect separately. We compare the results obtained from
qs. (11)–(15) with those known from the

iterature.11,12,15,19 This justifies our approach and defines
he regions of validity in the parameter space. Then, we
onsider the combination of the TOD and Raman effect
or self-steepening). Finally, we analyze the general case
hen all three perturbations act simultaneously.

. Unperturbed Nonlinear Schrödinger Equation, �3
TS=TR=0
ere we have Qz=bz=0, and if b0�b�0�=0, then tc,z=0.
he equation for w is
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wzz =
2�2

�2 
2�2

w3 +
�Q

w2 � � −
�U

�w
, �18�

here

U =
2

�2
 �2
2

w2 +
�Q�2

w � . �19�

quation (18) corresponds to the motion of an equivalent
lassical particle in the potential U. This equation is the
ame as that obtained from the variational approach28

ased on the Lagrangian of Eq. (1). As pointed out by Ab-
ullaev and Caputo,29 the potential U is that of the clas-
ical Kepler problem.30 Equation (18) has a conservative
uantity, which is the energy of the equivalent particle

E =
wz

2

2
+

2

�2
 �2
2

w2 +
�Q�2

w � . �20�

For �2�0, the potential U has a single minimum at

ws = −
2�2

�Q
. �21�

his stationary point corresponds to a fundamental soli-
on solution of the unperturbed Eq. (1), which propagates
ithout variation of its shape. Equation (21) together
ith Eq. (16) also provide a relation between the ampli-

ude As and width ws of the fundamental soliton:

Asws =�− �2

�
. �22�

his relation, which here follows from the moment
ethod analysis, coincides with the exact result.1

If w0�ws, or in other words, if A0 and w0 do not satisfy
q. (22), then for E�0, as follows from Eq. (18), w oscil-

ates near the stationary point. In fact, as shown by Sat-
uma and Yajima,31 these oscillations are damped, so that

asymptotically approaches a value close to that given
y Eq. (21). The damping is because the soliton radiates
ispersive waves, adjusting its form. This damping
hould be remembered while comparing the approximate
esults with the actual dynamics of the system.

If E
0, then w diverges upon propagation and the
ulse decays dispersively. In particular, for a given value
f Q, narrow pulses with w0�ws /2 and c0=0 decay, a re-
ult that coincides with the exact theory for the unper-
urbed NLSE.

. Case �3Å0 and TS=TR=0
n this case, Eqs. (11)–(15) reduce to

Qz = bz = 0, �23�

tc,z = − �2b +
�3

6w2 �1 + 3b2w2 + �2�2w4�, �24�
wzz =
2�̂2

�2 
2�̂2

w3 +
�Q

w2� , �25�

nd � is found from w by using Eq. (14). Equation (23) im-
lies that b is constant. Actually, as shown by Elgin et
l.,15 the frequency shift b changes with z; however, the
ariations are of order O��2�. Equation (25) with substitu-
ion �̂2→�2 has the same form as Eq. (18). Therefore, re-
arding the pulse width w and chirp �, the TOD just re-
efines the dispersion parameter from �2 to �̂2. The linear
ependence of �̂2 on b arises because we consider TOD
nly and thus a linear dependence of the second-order dis-
ersion on �. Hence, for w�0��ws, one has w�z�→ws and
�z�→0 after a transient process. When b�0�=0, we find

hat the relative velocity [cf. Eq. (3)] is

tc,z �
�3

6ws
2 =

�3�2Q2

24�̂2
2

, z → � . �26�

quation (26) shows that shorter (longer) pulses have
arger group velocities for �3
0 ��3�0�. This result is in
greement with the work by Elgin et al.,15 who also
resent a detailed analysis of the TOD influence including
he properties of the radiation emitted by the soliton.

. Case TRÅ0 and �3=TS=0
s seen from Eqs. (11)–(15), the parameter TR is present
nly in the equation for b. Therefore, the dynamics of w
nd � is the same as that in the unperturbed case. The
oliton parameters tend to those of the fundamental soli-
on: w→ws, c→0, and A→Q /ws. At the same time, the
aman effect generates a frequency shift, the evolution of
hich is found from

bz =
4�TRQ

15w3 . �27�

or the fundamental soliton w=ws, the last equation can
e written as

bz =
8TR��2�

15ws
4 . �28�

he frequency shift b increases linearly on the propaga-
ion distance, and it is inversely proportional to the fourth
ower of the pulse width. This dependence agrees with
arlier results obtained by other authors.12,19 The relative
elocity changes linearly with z as follows from Eq. (13).

. Case �3Å0, TSÅ0, and TR=0:
he dynamical equations can now be written as

bz =
�TSQ

3�̂2

wz

w2 , � = −
wz

2�̂2w
, �29�

wzz =
2�̂2

�2 �2�̂2

w3 +
��1 − TSb�Q

w2 � +
�3�TSQ

3�̂2
2


wz

w �2

.

�30�

he first of Eqs. (29) results in the conservation law:
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d

dz��2b − �3

b2

2
−

�TSQ

3w � = 0. �31�

his allows one to express the frequency shift b in terms
f the width variation, giving:

b � b0 +
�TSQ

3�2

 1

w
−

1

w0
� , �32�

here b0=b�0� and w0=w�0�.
Equation (30) has a stationary point at wz��=0 and
=ws where

ws = −
2�̂2

��1 − TSb�Q
. �33�

f one takes b0=�0=0 and w0�ws, then w�z� ,��z�, and
�z� oscillate near stationary values. Therefore, for such
nitial conditions, the dynamics of w�z� is similar to the
nperturbed case with a slight variation of the stationary
oint according to Eq. (33).

. Case �3Å0, TRÅ0, and TS=0
he evolution of b is described by Eq. (27), while the equa-
ion for w is now written as

wzz =
2�̂2

�2 �2�̂2

w3 +
�Q

w2� −
4

15

�3�TRQ

�̂2

wz

w3 . �34�

gnoring the last term in Eq. (34), one can write the en-
rgy of the equivalent particle (cf. Subsection 4.A):

E =
wz

2

2
+

2�̂2

�2 � �̂2

w2 +
�Q

w
� . �35�

imilar to the unperturbed case discussed in Subsection
.A, if E0=E�z=0��0 �E0
0�, then the dynamics of w has
has not) a bound state. However, inclusion of the last
erm in Eq. (34) can change this condition so that the ini-
ially bounded dynamics of w can become unbound. The
ast term in Eq. (34) can be considered as a w-dependent
mplification (dissipation) for �3TR / �̂2
0 ��0�.
In this subsection, we consider TR
0 that corresponds

o optical fibers. However, Eqs. (27) and (34) are invariant
ith respect to the transformation TR→−TR, �3→−�3,
nd b→−b; therefore the analysis below can be applied
ormally for the case TR�0 too.

. Case �3
0
s follows from Eq. (27), for TR
0,b is always an increas-

ng function of z, since the Raman effect induces always
he red frequency shift. Then, Eq. (34) can be interpreted
s a motion in a slowly varying potential with the addi-
ional action of dissipation or amplification. The mini-
um of the potential,

ws = − 2�̂2/��Q�, �36�

ncreases with z because of the variation of �̂2. For �3

0, assuming also b
0, ��̂2� as well as ws increase.
herefore, w�z� is an oscillating function of z with increas-

ng average value defined by Eq. (36).
For initial pulses close to the fundamental soliton, one
an substitute ws from Eq. (36) instead of w to Eq. (27).
hen, the evolution of the frequency shift is written as

b =
1

�3
��2 + 
�̂2,0

4 +
2

15
�3TR�4Q4z�1/4� , �37�

here �̂2,0� �̂2�z=0�=�2−�3b0�0, and which is valid
hile b is such that �̂2�0. The evolution of the soliton ve-

ocity is found from that of b [see Eq. (13)],

tc,z � − �2b +
�3

2
b2, �38�

hich is the relative group velocity of linear waves of the
LSE (1). The parameters b and ws approach �z1/4 at

arge z. Therefore, positive TOD decelerates the variation
f the frequency shift as compared with the linear z de-
endence of the Raman shift for �3=0 (see Subsection
.C). The qualitative explanation is as follows. The Ra-
an redshift at �3
0 moves the soliton frequency away

rom the ZDP so that the absolute value ��̂2� of the group
elocity dispersion increases. This results in an increase
f the soliton width, c.f. Eq. (36). This change, in turn, de-
reases the rate of the frequency shift variation via Eq.
27). As we shall see below, the frequency shift dynamics
as a more dramatic change for �3�0, consistent with
efs. 22 and 23.
Figure 1 shows the dependencies of w and b on z.

urves correspond to the numerical simulations of Eqs.
27) and (34) in Fig. 1(a) and to Eq. (37) in Fig. 1(b), while
oints are from numerical simulations of Eq. (9). The pa-

ig. 1. Dependence of (a) soliton width and (b) frequency shift
n z for �3
0. Solid and dashed curves correspond to (a) numeri-
al simulations of Eqs. (27) and Eqs. (34), (b) Eq. (37), while
oints are from numerical simulations of Eq. (9). The dotted line
n (b) is the dependence for �3=0. Parameters are TR=0.05 and

=w =1.
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ameter b is calculated at the pulse center by using the
hases of the two points adjacent to the soliton center.
he initial condition corresponds to the fundamental soli-
on, i.e., w0=ws so that the effective particle is at the po-
ential minimum at z=0. The width w�z� follows the mini-
um position that increases with z [see Eq. (36)]. Small

scillations of w near ws mean that the variation of the
otential is not completely adiabatic. The frequency shift
increases as described by Eq. (37) but slower than the

inear dependence of b for �3=0 [dotted line in Fig. 1(b)].
ote the good agreement of numerical results with theo-

etical predictions discussed above. When the initial con-
ition is not the fundamental soliton, then the oscillations
f w have a much larger amplitude, and the numerical re-
ults deviate more from the theoretical ones.

. Case �3�0
or �3�0, the Raman effect, that always shifts the spec-
rum to longer wavelengths, moves the soliton frequency
oward the ZDP. The decrease of ��̂2� results in a decrease
f the soliton width. Then, as follows from Eqs. (27) and
34), at some distance, the effective dispersion becomes
ormal, �̂2
0. For Eq. (34), this means that the station-
ry point of the potential disappears, and the potential is
decreasing function of w. Then, the pulse decays disper-

ively so that its width is predicted to increase indefi-
itely. The frequency shift rate increases initially. Then,
fter the threshold distance, the rate decreases, and the
requency shift saturates as follows from Eq. (27) because
z�0 for large w. As we see below, the numerical simula-
ions of Eq. (1) give a slightly different behavior.

One can estimate the threshold length zth, where
ulses start to decay, from the condition �̂2=0 or from Eq.
37). The expression in parentheses in Eq. (37) turns to
ero at

zth = −
15

2

�̂2,0
4

�3TR�4Q4 , �39�

result that is valid for pulses close to the fundamental
oliton. Equations (36)–(38) are valid for �3�0 as well,
rovided that z�zth.
The evolution of w and b with z for different values of

3 is presented in Fig. 2. The values of b found from Eq.
37) are not shown, since the equation is valid for z�zth,
owever, for that region, these values are very close to
hose obtained from numerical solutions of Eqs. (27) and
34). The theory [curves in Fig. 2(a)] predicts a decrease of

and then a sharp increase. The frequency shift [solid
nd dashed curves in Fig. 2(b)] initially increases faster
han the linear dependence for �3=0 [dotted line in Fig.
(b)]. Then, our theory predicts that the frequency shift
aturates at a value such that �̂2
0. Actually, numerical
imulations [points in Fig. 2(a)] of Eq. (9) show that the
ulse width decreases initially, and then after the thresh-
ld, it gradually increases. Also, in contrast to the theory,
he effective dispersion at the soliton frequency is still
egative after the threshold. The theory and numerical
imulations differ because the pulse loses the energy to
esonant radiation22 near the threshold. For the same
eason, the theory overestimates the asymptotic value of
he frequency shift. Numerical simulations of Eq. (9) also
how that parameter Q, corresponding to soliton energy,
s almost constant at z�zth as given by Eq. (11); Q de-
reases considerably at z
zth. Nevertheless, the theory
rovides a correct description of the initial stage of the dy-
amics for �3�0. Moreover, it gives reasonable values of
he threshold distance, Eq. (39).

A typical example of the field evolution is shown in Fig.
. The pulse propagates to the right-hand side along the t
xis. At z�90, the pulse narrows and starts to generate
adiation (cf. Ref. 22). The theoretical value, for the
hreshold calculated from Eq. (39) for the parameters in
ig. 3, is zth=93.8, close to the value observed. After the

hreshold, the soliton width (amplitude) increases (de-
reases) gradually. Radiation forms a pedestal behind the
oliton in the t axis. Figure 4 compares the theoretical
hreshold value zth with numerical results for different
alues of the initial pulse width. We vary both the pulse
idth and amplitude so that the initial pulse corresponds

o the fundamental soliton [cf. Eq. (22)]. For the funda-
ental soliton A0�1/w0, then Q=2A0

2w0�1/w0. There-
ore, the threshold is proportional to the fourth power of
he initial width as follows from Eq. (39) and is confirmed
y numerical results in Fig. 4.
Thus, the perturbation analysis provides a quantitative

escription of the suppression of the self-frequency shift,

Fig. 2. Same as in Fig. 1 but for �3�0.

ig. 3. Pulse evolution found from numerical simulations of Eq.
9). Parameters are � =−0.1, T =0.05, and A =w =1.
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hich has been observed22 in PCFs for �3�0 and studied
heoretically.23 The qualitative explanation of Skryabin
nd co-workers22 and Biancalana et al.23 is as follows: A
oliton generates dispersive waves (radiation) due to the
igher-order effects. The radiation is redshifted for �3
0. The interaction between the soliton and the resonant

adiation results in a spectral recoil, which tends to blue-
hift the soliton frequency. Since the Raman effect pro-
uces a redshift �TR
0�, it can be suppressed by the spec-
ral recoil. Our work here suggests that an important
ontribution to the suppression of the self-frequency shift
s the energy loss by the soliton to resonant radiation.
ote that by Eq. (27), this shift is proportional to the
ulse energy Q. However, the decrease of the energy Q
lso results in an increase of the soliton width as seen
rom Eq. (36) and Fig. 2(a). Therefore, the rate of the fre-
uency shift decreases since it is inversely proportional to

s
4 [see Eq. (28)]. Also, as pointed out in Ref. 23, there is
o complete cancellation of the Raman self-shift, because
he soliton continues to transfer energy to radiation after
he threshold.

We mention that for �3�0, TS�0, and TR=0, consid-
red in Subsection 4.D, Eqs. (29) and (30) also predict
hat �̂2 can approach close to zero. In that case, ws can
ecome very small; and, after that, w�z� linearly increases
ithout bound. However, such a situation can be realized

or relatively large TS�0.3 and �3�0.3 and for large de-
iation of the initial pulse from the fundamental soliton.
oreover, numerical simulations of Eq. (1) do not show

uch behavior. This difference is probably due to addi-
ional losses through radiation of linear waves.

. General Case, �3Å0, TSÅ0, and TRÅ0
t is difficult to analyze the general case for an arbitrary
et of parameters. The dynamics of w and b are found
rom Eqs. (12) and (17), respectively. As mentioned, the
ast equation describes the motion of an equivalent par-
icle in a potential in addition to the dissipation or ampli-
cation effects. The minimum of the potential,

ws = −
2�̂2

��1 − TSb�Q
�40�

hanges on z. One can estimate the derivative:

ig. 4. Dependence of the threshold length on the soliton width.
he curve corresponds to Eq. (39), and the points are from the
umerical simulations of Eq. (9). Parameters are �3=−0.1, TR
0.05, and A0=1/w0.
dws

dz
�

2��3 − �2TS�

�1 − TSb�2�Q
bz + O��2�. �41�

hen, assuming bz
0, TR
0, and E0�0, we have

dws

dz

 0, if �3 
 �2TS,

�0, if �3 � �2TS. �42�

hen, the dynamics in the general case is similar to that
escribed in Subsection 4.E but with a different threshold
or parameter �3. In other words, the absolute value ��3�
n the case �3�0 should be large enough in order to ob-
erve the decrease of the pulse width and the threshold
ynamics. We should mention that relation (42) is found
rom an asymptotic expansion, and therefore it is approxi-
ate. Nevertheless, it gives good estimates for the

hreshold on �3 as has been confirmed by numerical simu-
ations.

. Parameters and Comparison
n this subsection, we discuss the range of the parameters
here our results are valid. We also compare our theory
ith the previous analytical treatment.23

A basic condition for the application of the perturbation
pproach is that the parameters defined in Eq. (10) are
mall. This condition is satisfied for many SC generation
xperiments reported recently. For example, the micro-
tructured optical fiber used by Ranka et al.6 has the fol-
owing parameters, �2�−4 ps2/km, �3�0.06 ps3/km, and
�0.1/ �mW� at the wavelength of 790 nm. The dispersion
arameters were estimated from Fig. 2 of Ref. 6. For the
ulse width w0=100 fs, and taking TR=3 fs, one has �̄3

0.15 and T̄S=0.03. In the experiment by Skryabin et
l.,22 the PCF has �2=−70 ps2/km, �3=−0.25 ps3/km, and
=0.12/ �mW� for the core diameter �1.2 �m. Then, for
he pulse width, w0=53 fs, �̄3=0.067, and T̄R=0.057.
herefore, in the experiments,6,22 the higher-order effects
an be treated as small perturbations.

Another necessary condition is that the input pulse
hould be close to the fundamental soliton. The soliton
eak power As

2 can be found from Eq. (22). This gives As
2

4 W for ws=100 fs for Ref. 6, and As
2�250 W for ws

53 fs for Ref. 22. These values of the peak power are
lose to those used in the experiments.6,22

For the parameters mentioned above for Ref. 22 one
nds from Eq. (39), that zth=5 m. The numerical modeling

n Ref. 22 gives zth�2.5 m. An exact comparison is diffi-
ult because the parameters of the Raman effects are not
pecified in Ref. 22. In the numerical simulations of Ref.
3 �̄2=−1, �̄3=−0.09, �=1, and the Raman coefficient T̄R
0.012. Then, for As=201/2 and ws=1/As, Eq. (39) gives

th=1.07, which is quite close to the threshold value in
ef. 23.
As was mentioned in Section 1, the problem was also

tudied analytically in Ref. 23. The authors of Ref. 23
sed a similar perturbation approach, but the radiation
eld was included explicitly. Moreover, an approximate
ormula for the radiation in the limit z→� was obtained.
hen this expression was used in the adiabatic equations
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or the soliton parameters Q and b. However, since the ex-
ression for radiation was taken at z→�, the adiabatic
xpressions agree with the numerical modeling of the
LSE at large z, z
zth. This is clearly seen in Fig. 4(b) of
ef. 23. In other words, the theory in Ref. 23 assumes

hat the role of radiation is the same at all z. In contrast,
ur approach gives a description for z�zth where the ra-
iation is very small as follows from numerical simula-
ions of the NLSE. Therefore, our theory and that in Ref.
3 provide mutually complementary results valid for dif-
erent ranges of z or for different values of the initial
ulse energy Q [see Eq. (39)].

. CONCLUSIONS
e have studied the dynamics of solitons in optical fibers

n the presence of the TOD, self-steepening, and Raman
ffects. Our approach is based on the method of
oments.24 We have justified the approach by comparing

ur results with those for the cases when the system is
ffected by the TOD or Raman effect only. We have found
hat the interplay of the high-order effect results in non-
rivial dynamics of the soliton.

In particular, we demonstrated that the rate of the self-
hift slowly decreases for positive TOD. This process oc-
urs adiabatically without appreciable change of the soli-
on energy, due to the increase of the soliton width [see
q. (27)]. The soliton spectrum moves away from the ZDP

or �3
0. Negative TOD also results in suppression of the
requency shift, though the dynamics differs from that for
3
0. The frequency shift rate initially speeds up, and
he soliton spectrum moves closer and closer to the ZDP.
he soliton width decreases and the spectrum becomes
ider. Near the ZDP, the soliton rapidly loses its energy to

esonant radiation.22,23 Our theory is not valid after that
oint, because it does not account for such losses. How-
ver, this process results in the suppression of the fre-
uency shift because of the spectral recoil from the in-
uced radiation.22,23 Therefore, the self-shift suppression
or �3�0 involves both the soliton and the induced radia-
ion. We show here that a potentially significant contribu-
ion to the weakening of the Raman effect is the reduction
f the soliton energy. After the threshold, the Raman ef-
ect still pushes the soliton spectrum to the ZDP so that
he soliton energy transfers continuously to radiation.

In addition to recent studies,21–23 we have considered
he dynamics for the both signs of �3. The role of self-
teepening is analyzed as well. We have obtained explicit
elations for the soliton dynamics under the action of sev-
ral effects. These relations are presented in Eqs. (31),
32), (36)–(39), and (42), giving the evolution of the soliton
idth, frequency shift, and velocity, as well as that of zth.
he soliton amplitude is found from Eq. (22).
The majority of the SC generation experiments4–8 have

een performed in the positive �3 region. As shown in
ubsection 4.E, the pulse width increases with z for �3
0, which means that the spectral width decreases.
herefore, the wide SC spectrum is not connected with
ide spectra of individual solitons but is related to the
alanced contribution of solitons with different central
requencies and the phase-matched radiation.
The region with �3�0 can also be useful for SC genera-
ion, since the pulse width decreases for �3�0, and there-
ore the pulse becomes spectrally wider. In fact, the SC
eneration in PCF with two zero dispersion points, so that
3�0 for one of the points, was studied recently.32–34

owever, our analysis shows that the system length
hould then be optimized with account of zth. For z�zth,
he energy at the radiation frequency is small, while for

zth, the amount of energy at the soliton frequency de-
reases substantially. Therefore, to have a comparable
ontribution in the spectrum at the frequencies of the soli-
on and radiation, one needs to take the system length not
uch longer than zth.
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