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Abstract

We study nonlinear tunnelling and localization phenomena in Bose–Einstein condensate in a double-well potenti
a coupled-mode theory. We consider the effects induced by the damping and an atomic scattering length oscillatin
in a double-well potential. The existence of synchronous solutions in a running phase mode and resonances in ma
quantum tunnelling for such system are investigated. The switching between macroscopic quantum tunnelling and
self-trapped regimes induced by periodic modulations of the scattering length is also studied.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The interaction between two overlapped Bose–Einstein condensates (BEC) induces effects similar to the
son oscillations phenomena. The macroscopic quantum tunnelling (MQT) and quantum self-trapping (QST
are predicted for BEC in weakly coupled wells[1–3,5,6]. Two-mode system considered in these works is equiva
to the nonlinear dimer model, which appears in many problem of physics: e.g., involving a nonlinear dire
coupler in optics[7], condensed matter physics. Recently the MQT and QST phenomena have been obs
the experiment with BEC in a two well trap[8].
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The periodic variations in time of the trap potential and the atomics scattering length lead to the reso
in oscillations of a fractional atomic population as in the tunnelling in the self-trapping regimes[9–12]. Also we
should note that the damping induces the instability in MQT and MST regimes and leads to the switchin
one dynamical state to other. These effects open the possibility to control the nonlinear tunnelling phenom
a resonant enhancing or suppression of the tunnelling. These results are obtained in the case of weakly o
condensates.

The periodic modulation of trap or atomic scattering length can stabilize the dynamical states in the p
of damping. It is of interest to investigate this possibility and also the existence and properties of resona
macroscopic quantum tunnellingbeyond the weak coupling limit. The analysis of influence of the damping
macroscopic quantum tunnelling and quantum self-trapped regimes is also important for the applicatio
theory to real systems.

This work is devoted to the investigation of this problem. We apply the coupled-mode theory develop
the condensate in the static double-well trap in the article[13]. In this approach the nonlinear collective mod
corresponding to the ground and higher-order states are considered. The nonlinearity induces modes cou
the exchange of atoms between modes. The approach involves a coupling between the ground and fir
(antisymmetric) modes. The model is valid at any separations between wells and describe smoothly two
regimes, occurring when the distance is varied: for a large separation—the Josephson oscillations for wea
pled BEC, and for a close separation—a nonlinear oscillations of the atomic imbalance between modes, a
to the Rabi oscillations

We will use this approach to study the influence of damping and periodic modulations in time of the
scattering length on tunnelling processes in the double-well potential.

2. Formulation of problem: Varying in time scattering length

The dynamics of BEC in the cigar type trap with quasi 1D dynamics is described by the 1D Gross–Pit
equation[14]

(1)ih̄ut + h̄2

2m
uxx − U(x)u + g1D|u|2u = 0,

where the effective 1D interaction constant isg1D = g3D/(2πa2⊥), with the transverse length of oscillatora⊥ =√
h̄/(mω⊥). The constantg3D = 4πh̄2as/m, whereas is the atomic scattering length. Thusg1D = 2ash̄ω⊥. It is

useful to introduce dimensionless variables according to

(2)x = x

a⊥
, t = tω⊥, ψ = √

2|as |u.

Then the problem of the dynamics of BEC in a double-well trapU(x, t) can be described by the next model

(3)iψt + ψxx − U(x, t)ψ + σ
(
1+ f (t)

)|ψ |2ψ = 0,

whereσ = σ0 + σ1(t), σ0 = −sign(as) = ±1 is the taken with the minus sign scattering length. The norm ofψ is
N̄ = ∫ |ψ |2 dx = Nas/a⊥, N is the number of atoms in the condensate. The trap potential is assumed to be

U(x, t) = κ
(|x| − x0

)2
.

Below we will consider the case of variation in time of the atomic scattering lengthas = as(t) = a0(1 + f (t)),
f (t) = f sin(ωt). Such variation can be obtained, for example, by the periodic variation in time of the tran
frequencyω⊥ or by the Feshbach resonance techniques[15]. In the latter case the variation can be obtained
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(4)as(t) = aB

(
1+ D

B0 − B(t)

)
,

whereaB is the asymptotic value ofas andB(t) is the variable external magnetic field.
Let ψ = Φj exp(−iβj t), whereΦj are the eigenfunctions of the nonlinear problem

(5)Φjxx + βjΦj − U0(x)Φj + σΦ3
j = 0.

Family of the solutionsΦj is characterized by parametersβj andNj = ∫ |Φj |2 dx.
It is useful to use a decomposition for the solution

(6)ψj(x, t) = b0(t)Φ0(x)e−iβ0t + b1Φ1(x)e−iβ1t .

Substituting Eq.(6) into the Gross–Pitaevskii equation(3) and multiplying onΦj and integrating over the spati
variable we obtain the system of coupled-mode equations forbj [13]

(7)iB0t + σ
(
C0|B0|2B0 + 2C01|B1|2B0 + C01B

2
1B∗

0e−iΩt
) = 0,

(8)iB1t + σ
(
C1|B1|2B1 + 2C01B1|B0|2 + C01B

2
0B∗

1eiΩt
) = 0,

where

Ω = 2(β1 − β0) − 2σ(C0N0 − C1N1),

andCi = ∫
Φ2

i dx/N2
i , C01 = ∫

Φ2
0Φ2

1/(N0N1).
Introducing the new variables: the relative atomic population	(t) = n1 − n0, and relative phaseθ = φ1 − φ0

we find the system[13]

(9)	t = −σC01
(
n2 − 	2)sinθ + Ri,

(10)θt = δ − σ(C0 + C1)	 + 2σC01
(
2+ cos(θ)

)
	, i = 1,2,

whereδ = 2(β1 −β0)+σ [(n−2N0)C0 − (n−2N1)C1]. We include into this system the term corresponding to
linear damping effect—termsR1 = −η	 andR2 = −εθt in the equation for	. The first term corresponds to th
phenomenological linear damping term in the rhs of the GP equation(3). Such terms also appear in the two-mo
model in a two-component BEC and correspond to finite life of modes. The second type of damping corres
the normal current contribution which is proportional to the chemical potential difference[3]. The investigation of
the validity of two modes expansion represent a separate problem. In the case of weak nonlinearity the per
theory can be developed to find the eigenmodes[4]. According to these results, assumingB0,1 � Bm,m > 1 we
have for example for the symmetric solution the estimate

B2k ∼ σ
γ2k,0,0,0

Ω − Ω2k

|B0|2B0, γm,n,l,k =
∞∫

−∞
ΦmΦnΦlΦk dx,

whereΩ ≈ Ω0 + σγ0,0,0,0|B0|2, and Ω0 is the eigenvalue of the double-well trap potential. Thus due to
smallness of the nonlinearity and the overlap integrals between modes the contribution of higher modes c
the first approximation considered as small.

The periodic modulation of the parameters of system can induce a transition between modes and res
higher modes being excited. Thus the two-mode model is destroyed. To avoid this the frequency of mod
should satisfy the restrictionω	 � 	β, whereω	 is the frequency of atomic imbalance in double-well poten
and	β is the difference of the chemical potentials. As we see belowω	 ∼ C01n, n is the number of atoms, so w
have the restrictionC01 � 	β/n. This condition is very much filled in this Letter. For weak nonlinearity case
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Fig. 1. Phase portrait of the system	(Θ) with the use of Eqs.(9) and (10)for x0 = 1.7.

chemical potential can be approximated asδβ = δβ0 + C0σN . Thus the frequency detuning	ω from the linear
problem frequencyΩ0 should satisfy to the condition	ω < C0σN .

Should be also noted that under the harmonic perturbation of a small amplitude the system still evolvin
limited region of energy. Addition of higher modes which leads to the extension of the energy space as s
analysis of the work[11] has a little influence on the system.

The fixed points of the system(9) atη = 0 and the constantσ = σ0 are:

(11)	c = σ0δ

C0 + C1 − 6C01
, θ = 0,2nπ, n = 0,1,2, . . . .

For the large separation between wellsx0 > 3,C0 ∼ C1 ∼ C01 and we get	c ∼ σ/(2C01) ≈ −(β1 −
β0)/(2C01). Linearizing Eqs.(9) near the fixed point by	 = 	c + 	1, θ = θ0 + θ1 we obtain the frequenc
of small oscillations near the fixed point:

(12)ω2
	 = C01

(
n2 − 	2

c

)
(6C01 − C0 − C1).

In Fig. 1we plot the phase portrait of the system for parametersx0 = 1.7. Note that our theory is developed f
β1 − β0 	= 0. If β1 − β0 = 0, then the periodic variation can be included into a new time variableτ = ∫ t

0 σ(t ′) dt ′.

3. Dynamics in the running phase regime

Let us consider the dynamics in the case when the phase is unbounded, i.e., the phase is running. The
ical analog of this state is the steady closed-loop rotations of a nonrigid pendulum around its support po
influence of the damping on this state is simple—the relative imbalance is diminishing and as a result the
goes down to the point	 = 0. The parametric drive can compensate the damping effect. We now find the con
for synchronous oscillations in the rotating phase regime. Introducing the slow variableφ = θ − ωt and averaging
equations over the period of fast oscillations 2π/ω we find the system of equations for slowly varying	̄,φ

	̄t = −1

2
σ0f C01

(
n2 − 	̄2)cos(φ) − η	̄,

(13)φt = −ω + δ0 − σ0(C0 + C1)	̄ + 4σ0C01	̄ − σf C01sin(φ)	̄.

Taking derivatives	t,φt equal to zero we can find the fixed points:

(14)	̄c = σ0(δ0 − ω)

(C0 + C1 − 4C01 + f C01sin(φc))
,

(15)cos(φc) = − 2σ0η	̄c

C01f (n2 − 	̄2
c)

.
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Fig. 2. Numerical simulations for the averaged system atω = (a) 3.83, (b) 3.7 and (c) 4.0 where the latter two are for the cases of detunin
the corresponding values for the fixed points,	̄c are 0.0,0.383, and−0.502, respectively.

Fig. 3. Numerical simulations for the full system atω = (a) 3.83, (b) 3.7 and (c) 4.0. We note the profile of the curves decaying asymptot
to values 0.355, 0.02 and−0.44, respectively.

In the limiting case	2 � n2 we can obtain explicit expressions for the fixed points

(16)	̄c = σ0(δ0 − ω)

(C0 + C1 − 4C01) + f C01(1− η2	̄2
c/(2f 2C2

01n
2)

,

(17)cos(φc) ≈ −2σ0η	̄c

C01f n2
.

In the case of damping term−εθt we get instead of(15) the expression

(18)cos(φc) = − 2σ0εω

f C01(n2 − 	̄2
c)

.

Interestingly, the expression for	c (14) is not changed.
Let us consider the case of a zero separation between wellsx0 = 0. For this caseC0 ≈ 0.565, C1 ≈ 0.335,

C01 ≈ 0.16, andβ0 = −1.55, β1 = 1.4, δ0 = 3.83. Let us considerf0 = 0.5, ω = 3.83, andη = 0.01. Then the
fixed point is 0.0. For ω = 3.7, 	c = 0.383. In Fig. 2 the results of the numerical simulations of the avera
system are shown and inFig. 3—for the full system(9) the corresponding behaviour are presented.

4. Resonances in the self-trapping regime

Let us study the influence of the parametric drive and damping on the oscillations in the self-trapping
Fixed points are defined by Eqs.(14) and (18). We will consider below the case of the damping term of the fo
−εθt . It is useful to look for the solution of the system(9) by expanding it near the fixed point:

(19)	 = 	c + 	1, θ = θc + θ1.

Substituting this expansion into the system(9) we find, forσ = σ0 + σ1, σ0 = ±1

(20)	1,t = σ0C01
(
n2 − 	2

c

)
θ1 − σ1(t)C01

(
n2 − 	2

c

)
θ1 − εθ1,t ,
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Fig. 4. Numerical simulations for the full system at the main resonance: (a) the damping is zero, (b) the damping isε = 0.01.

(21)θ1,t = δ1,t − σ1(t)α	1 − σ0α	1 − σ1(t)α	1.

Neglecting small second order terms we get the closed equation for	1

(22)	1,t t + ω2
		1 + ε|α|	1,t = −ω2

	

|α| δ1(t) − ω2
		cσ1(t) = Qsinωt,

whereα = C0 + C1 − 6C01, δ1(t) = σ1(t)((n − 5N0)C0 − (n − 5N1)C1) andQ = ω2
	f [((n − 5N0)C0 − (n −

5N1)C1)/|α| +	c]. Let us consider the periodic modulation in timeσ1 = f sin(ωt). The main contribution occur
in the main resonance regionω = ω	. The inspection of the full system shows that the parametric resonan
ω = 2ω	 has the much weaker instability rate. Looking for the solution of the form	1 = Asin(φ) we obtain that
the amplitude at the resonance is

(23)A = Q√
(ω2 − ω2

	)2 + ε2α2ω2
.

For example, for the parametersC0 = 0.211,C1 = 0.245,C01 = 0.22,n = 1, ε = 0.01, δ0 = 0.406, andf = 0.03
we get	c = −0.47,ω	 = 0.385 and thatA ≈ 0.12, while the theory givesA = 0.11. The oscillations at the mai
resonance are shown inFig. 4.

When the amplitude of modulationsf grows the trapped phase regime is switched to the running phase re
The critical value off can be estimated from the inequalityA � b	c, andb � 1. Then, we obtain the estimate f
critical f as

(24)fcrit ≈
b	c

√
(ω2 − ω2

	) + ε2α2ω2

Q0
,

whereQ0 = Q/f .
For the set of parametersC0 = C1 = 0.22,C01 = 0.26,n = 1, β1 = 0.05,β0 = 0, N0 = 5 the numerical simula

tion of the full system shows thatfcrit ≈ 0.5 for ε = 0; fcrit ≈ 0.65, ε = 0.001;fcrit ≈ 0.75, ε = 0.01,fcrit ≈ 1.5,
ε = 0.1, which agrees well with this estimate forb ≈ 5.

When the amplitude of oscillations grows, the linear approximation fails, and the nonlinear effects s
dominate. The results of the numerical simulations for the amplitude–frequency characteristics are given iFig. 5.
It can be seen that forf � 0.05 we have good agreement with the linear approximation and for larger valuesf ,
deviations are introduced. The theory describing the nonlinear resonances in the macroscopic quantum t
requires a separate investigation.

The numerical simulations of nonstationary GP equation with the double-well potential shows, that the c
mode theory describes well the running phase regime. For the MQST regime it describes well the pos
MQST states, while the amplitude of oscillations are underestimated. According to this remark our res
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Fig. 5. The amplitude–frequency curve as a function ofω with the parametersC0 = 0.211,C01 = 0.22,C1 = 0.245,ε = 0.01 andf = 0.03.

the transition from the MQST regime to the running phase regime should be considered as underestim
transition threshold.

5. Conclusion

In conclusion, we have investigated the nonlinear tunnelling in BEC in double-well potential, when the
scattering lengthas is varied in time and the damping effects are taken into account. The coupled-mode
is applied for the analysis. We predict the existence of stable running phase regimes in the tunnelling
dissipation and the periodic variation ofas . The resonances between oscillating scattering length and the a
imbalance oscillations between modes are also analyzed. This effect can lead to the resonant enhanc
tunnelling between modes in the double-well potential, so the control of oscillations of atomic population be
possible. The switching from the self-trapping regime to the running phase regime under periodic modula
as is predicted.

It is of interest to extend this analysis to the case of high densities. It requires the investigation of model
are beyond the NLS equation limit[16,17]and such analysis will be considered elsewhere.
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