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Abstract

We study nonlinear tunnelling and localization phenomena in Bose—Einstein condensate in a double-well potential, using
a coupled-mode theory. We consider the effects induced by the damping and an atomic scattering length oscillating in time
in a double-well potential. The existence of synchronous solutions in a running phase mode and resonances in macroscopic
guantum tunnelling for such system are investigated. The switching between macroscopic quantum tunnelling and quantum
self-trapped regimes induced by periodic modulations of the scattering length is also studied.
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1. Introduction

The interaction between two overlapped Bose—Einstein condensates (BEC) induces effects similar to the Joseph-
son oscillations phenomena. The macroscopic quantum tunnelling (MQT) and quantum self-trapping (QST) effects
are predicted for BEC in weakly coupled wells-3,5,6] Two-mode system considered in these works is equivalent
to the nonlinear dimer model, which appears in many problem of physics: e.g., involving a nonlinear directional
coupler in opticd7], condensed matter physics. Recently the MQT and QST phenomena have been observed in
the experiment with BEC in a two well trgg].
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The periodic variations in time of the trap potential and the atomics scattering length lead to the resonances
in oscillations of a fractional atomic population as in the tunnelling in the self-trapping re¢@m#2]. Also we
should note that the damping induces the instability in MQT and MST regimes and leads to the switching from
one dynamical state to other. These effects open the possibility to control the nonlinear tunnelling phenomena, by
a resonant enhancing or suppression of the tunnelling. These results are obtained in the case of weakly overlappe
condensates.

The periodic modulation of trap or atomic scattering length can stabilize the dynamical states in the presence
of damping. It is of interest to investigate this possibility and also the existence and properties of resonances in
macroscopic quantum tunnellinggyond the weak coupling limit. The analysis of influence of the damping on
macroscopic quantum tunnelling and quantum self-trapped regimes is also important for the application of the
theory to real systems.

This work is devoted to the investigation of this problem. We apply the coupled-mode theory developed for
the condensate in the static double-well trap in the arfitB. In this approach the nonlinear collective modes
corresponding to the ground and higher-order states are considered. The nonlinearity induces modes coupling an
the exchange of atoms between modes. The approach involves a coupling between the ground and first excite
(antisymmetric) modes. The model is valid at any separations between wells and describe smoothly two different
regimes, occurring when the distance is varied: for a large separation—the Josephson oscillations for weakly cou-
pled BEC, and for a close separation—a nonlinear oscillations of the atomic imbalance between modes, analogou:
to the Rabi oscillations

We will use this approach to study the influence of damping and periodic modulations in time of the atomic
scattering length on tunnelling processes in the double-well potential.

2. Formulation of problem: Varying in time scattering length

The dynamics of BEC in the cigar type trap with quasi 1D dynamics is described by the 1D Gross—Pitaevskii
equation14]
2

h
ity + 5t U (x)u + giplul?u =0, 1)

where the effective 1D interaction constanigig = g3D/(27Tai), with the transverse length of oscillatey =

VA/(mw)). The constangsp = 4mhas/m, wherea, is the atomic scattering length. Thgsp = 2a,hw, . It is
useful to introduce dimensionless variables according to

x:i, t=tw,, ¥ =/ 2|ag|u. (2)

ay
Then the problem of the dynamics of BEC in a double-well &g, ¢) can be described by the next model

iV + Yax — UG, DY + o (1+ £(0) w2y =0, ®)

whereo = og + 01(t), 0o = —sign(a;) = £1 is the taken with the minus sign scattering length. The norm &f
N=/ |¥|2dx = Nag/a,, N is the number of atoms in the condensate. The trap potential is assumed to be

Ux, 1) = (1x| — x0)°.

Below we will consider the case of variation in time of the atomic scattering lemgtha, (1) = ag(1 + f(2)),
f () = fsin(wt). Such variation can be obtained, for example, by the periodic variation in time of the transverse
frequencyw, or by the Feshbach resonance techniduié$ In the latter case the variation can be obtained by
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changing an external magnetic field, since near the resonance we have:

Bo — B(t)

whereap is the asymptotic value af; and B(t) is the variable external magnetic field.
Lety = @; exp(—iB;t), whered®; are the eigenfunctions of the nonlinear problem

as (1) =a3<1+ L) @)

Djcx +B;P; —UO(X)Q)‘/-FUQ);’:O. (5)

Family of the solution; is characterized by parametgtsandN; = [ |®;|2dx.
It is useful to use a decomposition for the solution

W (x, 1) = bo(t)Po(x)e P 4 by by (x)e P (6)
Substituting Eq(6) into the Gross—Pitaevskii equati{B) and multiplying on®; and integrating over the spatial
variable we obtain the system of coupled-mode equations;f{it3]
i Bo + 0 (Co| Bo|? Bo + 2Co1| B1|? Bo + Co1Bi Bge ') = 0, (7
i Bi; + 0 (C1|B1|? By + 2C01B1| Bo|* + Co1BZB;e'") =0, (8)

where
2 =2(p1— Po) — 20 (CoNo — C1N1),

andC; = [ @?dx/N?, Co1= [ DEZP2/(NoN1).
Introducing the new variables: the relative atomic populatidn) = n1 — ng, and relative phase = ¢1 — ¢o
we find the systerfil 3]

A, = —0Coy(n? — A?)sing + R;, )
6, =8 —o(Co+ C1)A +20Co1(2+cog0))A, =12 (10)

wheres = 2(81 — Bo) + o[(n — 2No)Co — (n — 2N1)C1]. We include into this system the term corresponding to the
linear damping effect—termB&; = —nA and R; = —e6, in the equation forA. The first term corresponds to the
phenomenological linear damping term in the rhs of the GP equéjoSuch terms also appear in the two-mode
model in a two-component BEC and correspond to finite life of modes. The second type of damping corresponds to
the normal current contribution which is proportional to the chemical potential diffe{8hcEhe investigation of

the validity of two modes expansion represent a separate problem. In the case of weak nonlinearity the perturbation
theory can be developed to find the eigenmddégsAccording to these results, assumifg > B, m > 1 we

have for example for the symmetric solution the estimate

o0
Y2k,0,0,0
By ~o L2000 p2g = / By B By .,
2 — 29
—00

where 2 ~ 29 + oyo,o,o,o|Bo|2, and £2¢ is the eigenvalue of the double-well trap potential. Thus due to the
smallness of the nonlinearity and the overlap integrals between modes the contribution of higher modes can be in
the first approximation considered as small.

The periodic modulation of the parameters of system can induce a transition between modes and resulting in
higher modes being excited. Thus the two-mode model is destroyed. To avoid this the frequency of modulations
should satisfy the restrictions <« AB, wherew, is the frequency of atomic imbalance in double-well potential
andAgB is the difference of the chemical potentials. As we see belaw~ Coin, n is the number of atoms, so we
have the restrictio€o1 < AB/n. This condition is very much filled in this Letter. For weak nonlinearity case the
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Fig. 1. Phase portrait of the systeft{®) with the use of Eqg9) and (10)for xg = 1.7.

chemical potential can be approximatedsgs= 580 + Coo N. Thus the frequency detuninyw from the linear
problem frequency?2g should satisfy to the conditioAw < Coo N.

Should be also noted that under the harmonic perturbation of a small amplitude the system still evolving in the
limited region of energy. Addition of higher modes which leads to the extension of the energy space as show the
analysis of the work11] has a little influence on the system.

The fixed points of the syste(8) atn = 0 and the constarnt = op are:

_ 00d
~ Co+C1—6Co1’
For the large separation between wells > 3,Co ~ C1 ~ Cp1 and we getA, ~ o/(2Co1) ~ —(B1 —

Bo)/(2Cop1). Linearizing Eqs.(9) near the fixed point byA = A. + Aj1,6 = 6p + 61 we obtain the frequency
of small oscillations near the fixed point:

0=0,2n7, n=0,1,2,.... (11)

c

w4 = Co1(n® — A?)(6Co1— Co — C1). (12)

In Fig. 1we plot the phase portrait of the system for parametges 1.7. Note that our theory is developed for
B1— Bo#0.If B1 — Bo =0, then the periodic variation can be included into a new time variablefé o()dt'.

3. Dynamicsin the running phaseregime

Let us consider the dynamics in the case when the phase is unbounded, i.e., the phase is running. The mechal
ical analog of this state is the steady closed-loop rotations of a nonrigid pendulum around its support point. The
influence of the damping on this state is simple—the relative imbalance is diminishing and as a result the system
goes down to the poimk = 0. The parametric drive can compensate the damping effect. We now find the condition
for synchronous oscillations in the rotating phase regime. Introducing the slow vagiable— wr and averaging
equations over the period of fast oscillations/a we find the system of equations for slowly varying ¢

_ 1 _ _
A= —EGOme(nZ — A?)cos¢) — A,
¢r = —w + 80 — 00(Co + C1) A + 459Co1A — o f CorSiN(@) A. (13)

Taking derivatives\;, ¢, equal to zero we can find the fixed points:

—_ 00(80 — )
©7 (Co+C1—4Co1+ fCoisin(g.))’
20077Ac
Corf(n2 — A2’

(14)

coS¢c) = — (15)
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Fig. 2. Numerical simulations for the averaged system &at(a) 3.83, (b) 3.7 and (c) 4.0 where the latter two are for the cases of detuning and
the corresponding values for the fixed poinis, are Q0, 0.383, and—0.502, respectively.
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Fig. 3. Numerical simulations for the full systemaat= (a) 3.83, (b) 3.7 and (c) 4.0. We note the profile of the curves decaying asymptotically
to values 0.355, 0.02 and0.44, respectively.

In the limiting caseA? « n? we can obtain explicit expressions for the fixed points

- 00(d0 — w)

= _ — (16)
(Co+ C1—4Co1) + fCor(1—n?A2/(2f2Cgyn?)
ZGOUAC
~— . 17
cos(¢c) Corfn? a7)
In the case of damping terme6; we get instead of15) the expression
200€w

cos¢,) = — : (18)

fCo1(n?2 — A2’

Interestingly, the expression fadx, (14)is not changed.

Let us consider the case of a zero separation between weHs0. For this caseCy ~ 0.565, C; ~ 0.335,
Co1~ 0.16, andBp = —1.55, 81 = 1.4, §p = 3.83. Let us considerp = 0.5, = 3.83, andy = 0.01. Then the
fixed point is 00. Forw = 3.7, A, = 0.383. InFig. 2 the results of the numerical simulations of the averaged
system are shown and kig. 3—for the full system(9) the corresponding behaviour are presented.

4, Resonancesin the self-trapping regime

Let us study the influence of the parametric drive and damping on the oscillations in the self-trapping regime.
Fixed points are defined by Eqd.4) and (18) We will consider below the case of the damping term of the form
—eb,. Itis useful to look for the solution of the systg®) by expanding it near the fixed point:

A=Aq+ Aq, 0 =6, + 61. (19)
Substituting this expansion into the syst@ywe find, forc = oo + 01, 0o = +1

A1 = 00C01(n2 - Af)@l — O’l(l‘)C()l(l’lz — A?)@l — €01, (20)
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Fig. 4. Numerical simulations for the full system at the main resonance: (a) the damping is zero, (b) the damgiOik.

01 =01 —o1(t)a A1 —opa Ay — o1(t)a Ag. (22)

Neglecting small second order terms we get the closed equatiaxfor

2

Avs + w3 A1+ elalAr, = —%31@) — w2 Acoy(t) = Qsinart, (22)
wherea = Co + C1 — 6Co1, 81(¢) = 01(t)((n — BNg)Co — (n — 5N1)C1) and Q = a)if[((n —B5Ng)Co — (n —
5N1)C1)/la| + Ac]. Let us consider the periodic modulation in time= f sin(wt). The main contribution occurs
in the main resonance regian= wx . The inspection of the full system shows that the parametric resonance at
o = 2wa has the much weaker instability rate. Looking for the solution of the farma= A sin(¢) we obtain that
the amplitude at the resonance is

_ 0
\/(wz — w2)2 + 20202

For example, for the parametefg = 0.211,C1 = 0.245,Cp1 =0.22,n =1, € = 0.01, §o = 0.406, andf = 0.03
we getA, = —0.47,wa = 0.385 and thatd ~ 0.12, while the theory gived = 0.11. The oscillations at the main
resonance are shown ig. 4.

When the amplitude of modulationsgrows the trapped phase regime is switched to the running phase regime.
The critical value off can be estimated from the inequality> bA., andb > 1. Then, we obtain the estimate for
critical f as

A

(23)

bAC\/(a)2 — @3) + €202?
Qo

Serit &

whereQo = Q/f.

For the set of paramete® = C1 = 0.22,Co1 =0.26,n =1, 1 = 0.05, 8o = 0, Ng = 5 the numerical simula-
tion of the full system shows that,it ~ 0.5 for € = 0; ferit =~ 0.65, € = 0.001; ferit =~ 0.75,€ = 0.01, f¢rit &~ 1.5,
€ = 0.1, which agrees well with this estimate fbr 5.

When the amplitude of oscillations grows, the linear approximation fails, and the nonlinear effects start to
dominate. The results of the numerical simulations for the amplitude—frequency characteristics arefgigeh in
It can be seen that fof < 0.05 we have good agreement with the linear approximation and for larger valiyfes of
deviations are introduced. The theory describing the nonlinear resonances in the macroscopic quantum tunnelling
requires a separate investigation.

The numerical simulations of nonstationary GP equation with the double-well potential shows, that the coupled-
mode theory describes well the running phase regime. For the MQST regime it describes well the position of
MQST states, while the amplitude of oscillations are underestimated. According to this remark our results on

: (24)
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Fig. 5. The amplitude—frequency curve as a functiow afith the parameter€y = 0.211,Cg1 = 0.22,C1 = 0.245,¢ = 0.01 andf = 0.03.

the transition from the MQST regime to the running phase regime should be considered as underestimating the
transition threshold.

5. Conclusion

In conclusion, we have investigated the nonlinear tunnelling in BEC in double-well potential, when the atomic
scattering lengthy, is varied in time and the damping effects are taken into account. The coupled-mode theory
is applied for the analysis. We predict the existence of stable running phase regimes in the tunnelling with the
dissipation and the periodic variation @f. The resonances between oscillating scattering length and the atomic
imbalance oscillations between modes are also analyzed. This effect can lead to the resonant enhancing of the
tunnelling between modes in the double-well potential, so the control of oscillations of atomic population becomes
possible. The switching from the self-trapping regime to the running phase regime under periodic modulations of
as is predicted.

It is of interest to extend this analysis to the case of high densities. It requires the investigation of models which
are beyond the NLS equation linjit6,17]and such analysis will be considered elsewhere.
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