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Abstract

Stationary to pulsating soliton bifurcation analysis of the complex Ginzburg–Landau equation (CGLE) is present
analysis is based on a reduction from an infinite-dimensional dynamical dissipative system to a finite-dimensiona
Stationary solitons, with constant amplitude and width, are associated with fixed points in the model. For the first time,pulsating
solitons are shown to be stablelimit cycles in the finite-dimensional dynamical system. The boundaries between the two
of solutions are obtained approximately from the reduced model. These boundaries are reasonably close to those pr
direct numerical simulations of the CGLE.
 2005 Elsevier B.V. All rights reserved.
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The complex Ginzburg–Landau equation (CGL
is one of the basic equations for modelling mod
lated amplitude waves[1], spatio-temporal dynamic
and spontaneous development of coherent struct
in a variety of nonlinear dissipative systems[2,3]. Ex-
amples include pulse generation by passively mo
locked soliton lasers[4], signal transmission in all
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optical communication lines[5], travelling waves in
binary fluid mixtures[6], and also pattern formatio
in many other physical systems[7]. Complicated pat-
terns consist of simpler localized solutions like fron
pulses, sources and sinks[8].

Pulsating soliton solutions of dissipative syste
have attracted a great deal of attention in recent ye
They have been found numerically[9–11] and ob-
served experimentally[11] in a fiber laser. Pulsatin
solitons form one set of possible localized solutions
the CGLE, and they exist on an equal basis with s
tionary solitons. Such localized waves exist, in vario
forms in biology, chemistry and physics.
.
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A pulsating soliton can be described as a limit cy
of an infinite-dimensional dissipative dynamical sy
tem[12]. It is different from the higher-order soliton
that are usually connected with an integrable mo
[13]. Although numerical simulations show clear
the existence of pulsating solutions and their bifur
tions from stationary solitons, so far there has been
progress in finding analytic expressions for pulsat
solutions and bifurcation boundaries. The problem
not simple as there are several parameters of the C
that define the regions of existence for both station
and pulsating solitons. Hence, the bifurcation bou
aries are surfaces in this multi-dimensional space
the parameters.

In this work we use a reduction from an infinit
dimensional to a five-dimensional model, and we a
to find localized solutions of the CGLE and the tran
formations that they are subjected to when the sys
parameters are varied. Although exact solutions of
CGLE do exist[3], they can be presented explicit
only for certain relations between the parameters
the equation. Furthermore, only stationary solutio
can be found. Hence, we are faced with the nec
sity of finding an efficient approximation to tackle th
problem. We have found that the method of mome
originally developed by Maimistov[14] for the per-
turbed nonlinear Schrödinger equation (NLSE) can
used for solving our problem. The moments are the
tegral characteristics of the field under considerat
In principle, there are an infinite number of equatio
for moments. One can obtain exact results by us
the complete set of these equations. However, in p
tice, one uses a trial function with a finite number
parameters, and this is the way to obtain a signific
reduction in the number of variables used for the
scription of the dynamics.

The cubic–quintic complex Ginzburg–Landau eq
tion, in dimensionless form, is written as

iψt + D

2
ψxx + |ψ |2ψ

= −ν|ψ |4ψ + iδψ + iε|ψ |2ψ
+ iβψxx + iµ|ψ |4ψ

(1)≡ R[ψ],
whereψ(x, t) is the normalized envelope of the fiel
t andx are time and spatial variables, respectivelyD

is the group velocity dispersion coefficient,ν is the
parameter of the quintic nonlinearity,δ represents the
linear loss,ε is the nonlinear gain coefficient,β stands
for the spectral filtering, andµ characterizes the sa
uration of the nonlinear gain. Stable soliton solutio
of the CGLE exist only for the following choices fo
the signs of the coefficients:δ,µ < 0, β, ε > 0, and
any sign forν andD (see, e.g.,[3,10]). Hence, in this
work, we limit ourselves only to this range.

The method of moments[14] is a reduction of the
complete problem of the evolution of a field that h
an infinite number of degrees of freedom to the evo
tion of a finite set of pulse characteristics. For a loc
ized solution with a single maximum, these include
peak amplitude, pulse width and center-of-mass p
tion. For an arbitrary localized field, the two integra
namely the energyQ and momentumP

Q =
∞∫

−∞
|ψ |2 dx,

(2)P = 1

2

∞∫
−∞

(
ψψ∗

x − ψ∗ψx

)
dx

are two basic variables evolving witht . Three higher-
order generalized moments, related to the pulse,
given by the following expressions[14]:

I1 =
∞∫

−∞
x|ψ |2 dx, I2 =

∞∫
−∞

(x − x0)
2|ψ |2 dx,

(3)I3 =
∞∫

−∞
(x − x0)

(
ψ∗ψx − ψψ∗

x

)
dx,

wherex0(t) = I1/Q. Using Eq.(1) one can derive the
evolution equations for the generalized moments.
the five integrals given above, one can obtain the
lowing [14]:

dQ

dt
= i

∞∫
−∞

(
ψR∗ − ψ∗R

)
dx,

dP

dt
= −i

∞∫
−∞

(
ψxR

∗ + ψ∗
x R

)
dx,

dI1

dt
= iDP + i

∞∫
x
(
ψR∗ − ψ∗R

)
dx,
−∞
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dI2

dt
= −iDI3 + i

∞∫
−∞

(x − x0)
2(ψR∗ − ψ∗R

)
dx,

(4)

dI3

dt
= 2P

dx0

dt
+ i

∞∫
−∞

(
2D|ψx |2 − |ψ |4)dx

+ 2i

∞∫
−∞

(x − x0)
(
ψxR

∗ + ψ∗
x R

)
dx

+ i

∞∫
−∞

(
ψR∗ + ψ∗R

)
dx.

Eqs.(4)are general in the sense that they are valid f
large class of NLSE-type evolution equations, inclu
ing Eq. (1) with arbitrary coefficients as a particul
case. If we use an exact solution of Eq.(1), ψ , then
Eqs.(4) are exact.

For problems of a certain class, even the first t
equations(4) may be sufficient when one deals wi
exact two-parameter reductions of the CGLE soluti
[15]. In Ref. [15], such an approach was used to fi
the CGLE solutions in the form of stable soliton pa
and trains. The method of moments has also been
plied to find stationary solutions of the CGLE(1) in
Ref. [16] although there was no attempt at findi
pulsating solitons. Our tests showed that five is
minimum number of moments needed to describe
sating solitons using the reduced system. Having m
of them may improve the accuracy, but the complex
of the analysis then increases dramatically.

The choice of the trial function is crucial for ob
taining solutions with the desired properties. A
reduction from an infinite-dimensional to a finit
dimensional system will have deficiencies. In a
proaches like this, the choice of the trial function c
only be justified at the last stage of analysis, when
approximate solutions are compared with numer
simulations of the original equation. We use the f
that soliton solutions remain localized even when th
are pulsating. Therefore, we take the sech-function

ψ(x, t) = Asech

(
x − x0

w

)

(5)× exp
{
i
[
b(x − x0) + c(x − x0)

2]},
whereA(t), w(t) andx0(t) are the amplitude, width
and maximum position of the pulse, respectively,b(t)
is the soliton velocity andc(t) is the chirp parame
ter. The chirp is highly important, as the nume
cal simulations[10,11] show. The number of para
meters in the trial function must correspond to
number of moments used in the set of equations(4).
More complicated trial functions need more equatio
in (4).

Now, the generalized moments can be expresse
terms of the variable parameters of the trial functi
Evaluation of the integrals(2) and(3), with a help of
Eq.(5), gives the following expressions:

Q = 2A2w, P = −2iA2wb, I1 = 2A2wx0,

(6)I2 = π2

6
A2w3, I3 = i

2π2

3
A2w3c.

Then, using Eqs.(4), one can obtain a set of ord
nary differential equations for the soliton paramet
Q,w,c, x0 andb:

Qt = F1

≡ 2Q

[
δ − βb2 + ε

3

Q

w
+ 2µQ2 − 5β

15w2

− π2

3
βc2w2

]
,

wt = F2 ≡ − 2ε

π2
Q + 8β − µQ2

π2w
+ 2Dcw

− 16π2

15
βc2w3,

ct = F3

≡ −2Dc2

− 1

π2w2

[
4

(
π2

3
+ 1

)
βc + Q

w
+ 8νQ2 − 30D

15w2

]
,

x0,t = F4 ≡ b

(
D − 2π2

3
βcw2

)
,

(7)bt = F5 ≡ −4

3
β

(
1

w2
+ π2c2w2

)
b.

Fixed points (FPs) of the dynamical system(7) can
be found from the set of algebraic equationsFj =
0, j = 1, . . . ,5. The stability of the FPs is dete
mined from the analysis of eigenvaluesλj , j = 1,

. . . ,5, of the Jacobian matrixMij = ∂Fi/∂pj , where
{p1, . . . , p5} ≡ {Q,w,c, x0, b}, and i = 1, . . . ,5. If
the real part of at least one eigenvalue is positive, t
the corresponding fixed point is unstable. In prin
ple, the whole five-dimensional dynamical system(7)
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can be studied using the specialized software[17]. We
analyse the system based on general theory and u
further simplifications.

Firstly, we consider solutions withb = 0 in Eqs.(7).
The real part of the eigenvalue which correspondsb
is negative for any set of the system parameters.
soliton center,x0(t), takes a constant value fort → ∞
and the real part of the corresponding eigenvalu
zero (neutral stability). Therefore, we can make a f
ther reduction and consider a system with only th
variables, viz.Q,w, andc. We denote the three co
responding eigenvalues byλ1, λ2 andλ3. Note that,
since the characteristic equation for these eigenva
is cubic, then eitherλ1 = λ∗

2 andλ3 is real, or all three
λi are real.

We find FPs numerically by solving the algebra
equations, and calculate the characteristic eigenva
by analyzing the Jacobian matrix. In this way, we ha
identified the regions where solutions have distinct
features. The bifurcation diagram for the dynami
system(7) in the (ν, ε)-plane is presented inFig. 1. We
takeD = 1 andδ = −0.1 henceforth in the Letter. T
facilitate comparison with exact results, the param
ters of the model are chosen to be the same as in
numerical simulations of Ref.[10], namely,µ = −0.1
andβ = 0.08.

When the value of the gainε is small, there are no
stable or unstable FPs (i.e., no stationary solitons
the system. This region is located belowε = 0.6, and
therefore it is not shown inFig. 1. For moderate value
of ε, there are two FPs. In the region below the cu
1 in Fig. 1(a), one FP is stable while the other one
unstable. The signs of the real and imaginary part
the eigenvalues, for the stable FP in this region are
following:

Re[λ1,2] < 0, Im[λ1] = − Im[λ2],
Re[λ3] < 0, Im[λ3] = 0.

The stable FP corresponds to a stationary CGLE s
ton with constant soliton parameterspj .

Curve 1 in Fig. 1(a) is the bifurcation boundar
(threshold) where the stable fixed point turns into
unstable one. Above curve 1,

Re[λ1,2] > 0, Im[λ1] = − Im[λ2],
Re[λ3] < 0, Im[λ3] = 0.
Fig. 1. (a) Regions of existence and stability of FPs and limit
cles (LCs) of the reduced system in (ν, ε)-plane. The central region
between the two solid lines 1 and 2, corresponds to stable LC
Regions of existence for various soliton solutions obtained from
merical simulations of CGLE(1). The region for pulsating solitons
found numerically in Ref.[10], is copied from (b) to (a) for compar
ison. The parameters of the dynamical system are shown in (b)

On line 1, a stable FP is transformed into a sta
limit cycle (LC) and an unstable FP. We confirme
numerically, that thestable limit cycle of model(7)
does indeed exist between the solid curves 1 an
Two examples of LC in (Q,w,c)-space are shown i
Fig. 2(a) and (b). The limit cycle has zero size on line
in Fig. 1(a). This corresponds to a super-critical Ho
bifurcation[18]. The limit cycle elongates inQ axis
direction whenε increases. It becomes infinitely larg
and breaks off on line 2 inFig. 1(a).
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Fig. 2. Two examples of stable limit cycle of the system(7) in
(Q,w,c)-space. The parameters are shown in (a) and (b), res
tively. Note the different scales for the axes in (a) and (b).

The smaller region inFig. 1(a) surrounded by th
light solid curve, is copied fromFig. 1(b) for com-
parison. This is the boundary for the existence
pulsating solitons found by direct numerical simu
tions of CGLE(1). One can see that the thresho
(solid curves 1 and 2) of the existence of the sta
LC provide reasonably good estimates for the bou
aries.

The period of oscillations,T , depends on the para
meters of the system. A plot ofT versusε at constant
ν = −0.09 is given inFig. 3. The upper curve rep
resents the results of exact numerical simulations
the CGLE, while the lower curve shows the period
oscillations found from our finite-dimensional mod
There is an apparent difference in the values found
the period, due to the drastic reduction in the num
of degrees of freedom in the model. However, the t
curves have the same qualitative behaviour. In pa
Fig. 3. Period of pulsationsT versusε. Upper curve correspon
to exact numerical results while the lower curve describes the
obtained from the low-dimensional model.

ular, each curve starts with a finite value of the per
T at the lower boundary of the region where puls
ing solitons exist, and increases to infinity at the up
boundary.

Above the curve 2, the soliton amplitudeA =
[Q/(2w)]1/2 remains almost constant, but the so
ton energyQ and the widthw increase monotonicall
with t . This motion is tantamount to the localized s
lution of CGLE with constant amplitude and the wid
that increases indefinitely. The final stage of this m
tion is an asymptotic transformation of the soliton in
two separating fronts with constant velocities. Th
the qualitative agreement above the line 2 is also fa
good and the main features of the dynamics are c
tured correctly.

Another slice of the parameter space, namely
(µ,ε)-plane, is shown inFig. 4(a). As in Fig. 1(a),
there are two FPs in the region presented. One of t
is always unstable. The stable FP exists below the s
curve 1. The bifurcation on the curve 1 is the same
that inFig. 1(a). The solid curve 2 corresponds to t
transition between limit cycles and the solutions w
increasing width. FromFig. 1 andFig. 4, one can see
that the results obtained from the model(7) for pulsat-
ing solitons and the boundaries for their existence
in reasonable agreement with direct numerical sim
lations of the CGLE over a wide range of the syst
parameters.

Thus, considering the evolution of the dissip
tive soliton profile, the model(7) is able to pre-
dict:
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Fig. 4. (a) Diagram of existence and stability of FPs and LCs
the reduced model in the (µ,ε)-plane. Stable LCs exist betwee
the curves 1 and 2. (b) Existence diagram based on numerical
ulations of CGLE[10]. The solid curve bounding the region fo
pulsating solitons in (b) is copied to (a) for comparison. The
rameters of the dynamical system are shown in (b).

(a) stable and unstable stationary solitons;
(b) periodic soliton pulsations;
(c) the unlimited increase in the soliton width at co

stant amplitude (which is equivalent to splittin
solitons into moving fronts);

(d) bifurcations between these dynamical behavio

In summary, we have derived a finite-dimensio
dynamical system associated with the CGLE. We h
demonstrated that the pulsating solitons of the CG
correspond to the limit cycles of this system, while s
tionary solitons of the CGLE are related to the fix
points. We have found the approximate bifurcat
boundaries between different types of solutions in
parameter space.
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